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This study examines the various considerations which are 
made when a function is approximated by a rational function. 
None of the four approximations considered here gives both a 
rapidly calculated approximation and one in which the maximum 
magnitude of the error function over a given interval is a 
minimum. 
The second algorithm of Remes produces a sequence of 
rational approximations which converge to the rational approxi-
mation that minimizes the maxi~um magnitude of the error func-
tion for a given number of parameters to be calculated if the 
initial approximation in the sequence is chosen properly. 
Several rational function approximations are investigated 
that do not have the accuracy of the minimax approximation 
but may be calculated more rapidly. 
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With the increased use of high-speed digital computers, 
it is now possible to use numerical approximations that pre-
viously were too laborious to calculate. The approximation 
of functions is an important part of this new development. 
When approximating functions, two important considera-
tions are the time required for computation and the des i red 
accuracy of the results. Many times great accuracy is of 
first importance, but it may often be profitable to choose 
a method that will give less accuracy with a considerable 
savings in time. 
Consider any function which is continuous and defined 
on an interval. We must be able to bound the error function 
associated with any approximation to this function. Moreover, 
we are concerned with determining a least upper bound. For 
a fixed amount of computation, rational approximations of the 
form Pm(x)/Qk(x), where Pm(x) and Qk(x) are polynomial s of 
degree m and k respectively, give the approximation which 
minimizes the maximum error in magnitude over the interval. 
The purpose of this study is to investigate the Pade, 
Chebyshev, economi z ation of rational functions, and mini max 
function approximations of several f unctions; to generate the 
minimax error approximation for a given m and k using the 
s econd algorithm of Remes; to examine th e minimax e rror 
function to determine which values of m and k give the smallest 
maximum error in magnitude for a fixed N=m+k; and to determine 
2 
how critical we must be in choosing the initial approximation 
of the abscissas corresponding to the extrema of the minimax 
error function for the approximation t o converge to the mini-
max approximation. 
The Pade rational approximation Rmk(x) of a function is 
based on the Maclaurin series expansion of the function. 
Therefore, as we would expect, the approximation is very good 
near zero, and the error in the approximation increases rapidly 
away from zero. 
The economization of rational functions approximation 
Cmk(x) of a function uses a sequence of Pade approximations 
to the function to generate an approximation which requires 
fewer terms to obtain a result equivalent to the Pade approxi-
mation. 
The coefficients of the expansion of a function in a 
series of Chebyshev polynomials are used to generate the 
Chebyshev rational approximation Tmk(x) of the function. 
This approximation is better over the entire interval and 
therefore will generally give a smaller maximum error over 
the interval than Pade approximations. 
The minimax rational approximation R~k(x) of a function 
is the approximation that minimizes the maximum error 
r~k = maxlf(x)-R;k(x) I 
XE[a,b] 
for a given m and k. It is started 
with an initial approximation of abscissas, which will con-
verge to the extrema of f(x) - R;k(x). The initial abscissas 
may be found using the m+k+2 extrema of TN+l(x), the N+lst 
Chebyshev polynomial, in the interval, or the m+k+2 extrema 
of f(x)-Cmk(x), where Cmk(x) is as stated above and N=m+k. 
3 
4 
II. REVIEW OF LITERATURE 
A function f(x) that is to be approximated must be real 
and continuous over an interval [a,b]. A rational approxi-
mation to this function depends on a particular number of 
parameters which are the coefficients in the numerator and 
denominator. A general problem then is to find the set of 
coefficients such that the maximum difference between f(x) 
and its approximation is as small as possible in absolute 
value. Each of the approximations in this study has its 
advantages; for some it will be the short amount of compu-
tation time, for others it is the greater accuracy acquired. 
The method that is chosen will depend on the desired accuracy 
and the amount of time available. 






k . N = m + k ( 2 . 1 ) 
1 L: b.x 
i = 0 1 
For a given value of N with varying m and k it is gen-
erally true that the approximations form= k and m = k + 1 
produce better accuracy over small intervals. If N is in-
creased, the accuracy obtained is greater. 
The Pade rational approximation Rmk(x) to f(x) is a 
function of the form m . 1 L: a . x 
i=O 1 k . 1 L: b.x 
i=O 1 
which agrees with the power series expansion of f(x) for 
more terms than any other rational function with numerator 
and denominator of degree m and k, respectively. (10) 
5 
Ralston (2) develops the Pade approximation in the follow-
ing manner. We are to approximate f(x), a real and continu-
ous function defined over an interval [a,b] including zero. 
This condition is made because the interval of approximation 
to many functions already includes zero; when it does not, a 
change of variable can be made to include zero in the inter-
val. This also makes the calculations simpler to perform. 
00 
Let f(x) = L: 
j=O 
c.xj be the Maclaurin series expansion 
J 
of the function. Form the difference 
00 
( L: j=O 
k . 
L: b.xJ j=O J 
( 2. 2) 
Let b0 = 1. This is possible because the numerator and de-
nominator can be divided by a constant to obtain this. b0 
cannot be zero because the function would be undefined at 
x = 0. We therefore have N + 1 unknown variables to find, 
m + 1 a; 1 s and k b; 1 s. We want to make the difference 
D(x) = f(x) - Rmk(x) and the first N derivatives of D(x) 
equal to zero at x = 0. This is possible if the numerator 
of the r i g h t s i de of (2. 2) has i t s 1 e ad i n g power of degree 
N + 1 • 
6 
Let 
m . oo 
( z: a . xJ) = z: 
j=O J j=N+l ( 2 . 3 ) 
such that each term of (2.3) and each term of N derivatives 
of the ex pression involves an x and will vanish when evalu-
ated at x = 0. By taking the N derivatives, as the powers 
of x vanish we are left with the system of equations 
k 




c . b . 
r-J J 
s=O,···, N-m-1 
r = O,· · ·,m 
b .=O if i >k 
1 
( 2. 4) 
where the values of the ci • s are the coefficients in the 
Maclaurin expansion of the function. The first set of equa-
tions 
( 2. 5) 
is used to solve for the bi •s. These values of the bi•s are 
then used i n the system 
ao = cabo 
a, = c, bo + co bl ( 2. 6) 
7 
to find the a; 's. These a; 's and b; 's are the desired coef-
ficients of the numerator and denominator of the approximation 
for a given m and k. 
The Pade approximation gives no closed form for the error 
term, but it is not necessary to have one because we are more 
interested in finding the error for any x E [a,b] and in find-
ing the maximum magnitude of the error over the interval. One 
estimate of the error can be found from the first term of the 
expansion 
00 
E d j, namely dN+l xN+l' j=N+l jx 
k 
where dN+l = E CN+l-J.bJ.. This is considered a good approxi-j=O 
mation of the error in the minimax error sense (i.e. such that 
the maximum error in magnitude is as small as possible) be-
cause the coefficients d;, i = N+l,···, and b;, i=l,···,k, 
often decrease quite rapidly in magnitude. This form of the 
error approximation shows that the error in the Pade a pproxi-
mation to f(x), which is based on the coefficients of the Mac-
laurin series expansion of f(x) and the requirement that D(x) 
and its first N derivatives equal 0 at x = 0, over an interval 
about zero is very small near zero and increases rapidly away 
from zero. 
Consider the rational ap p roximation 
m 
E a.T . (x) 
= j=O J J 
k 
E b.T.(x) j=O J J 
( 2 . 7 ) 
8 
where Tj(x) is the jth degree Chebyshev polynomial. Tmk(x) 
approximates f(x) more uniformly over the interval of approxi-
mation [a,b] than the Pade approximation. 
The following theorem (2) states a property of Chebyshev 
polynomials that is of importance in this development: 
Theorem 2.1: Of all polynomials of degree r with coefficient 
of xr equal to 1, the Chebyshev polynomial of degree r multi-
plied by l/2r-l oscillates with minimum maximum amplitude on 
the interval [-1 ,1]. 
00 
Let f(x) = 1/2 c 0 + z: j = 1 
c. T. (x) be the expansion of 
J J 
f(x) in a series of Chebyshev polynomials where 
2 c. = -J 1T j=O,l,··· ( 2. 8) 
by the orthogonality property of Chebyshev polynomials which 
says that 
r :f s 
r = s = 0 ( 2 . 9 ) 
r = s f 0 . 
Since this integral is not usually analytically integrable, 
numerical methods must be found to evaluate the integrals and 
obtain the cj•s. One method would be the Chebyshev- Gauss 
quadrature formula. A more accurate procedure would be to use 
the coefficients of the Fourier series expansion of f(x). 
This is possible because of the change of variable x = cos 8: 
Tj (cos 8) = cos j8. 
We will approximate f(x) with a function of the form (2.7). 
9 
Similar to the derivation of the Pade approximation, we must 
find the ai's and bi's in 
oo k m 
[ ~c O + l: c . T . ( x ) ] [ l: b . T . ( X ) ] - [ l: a . T . ( x ) ] j=l J J j=O J J j=O J J (2.10) 
k 
l: j=O b.T.(x) J J 
such that the coefficients of the Tj(x)'s vanish when 
f(x)-Rmk(x) and its first N derivatives are evaluated at x=O. 
Then let 
oo k m oo 
[~c 0 + E c.T.(x)][ E b.T.(x)]-[ E a.T.(x)]= E h.T.(x) (2.11) j=l J J j=O J J j=O J J j=N+l J J 
so that this condition will be satisfied. The identity 
(2.12) 
is substituted into (2.11) to obtain 
k 00 k 
~c 0 E b .T. (x)+~ E j=O J J j=l E b.c . [T .+. (x) + Tl .. 1 (x)] i=O J J 1 J 1-J 
m oo 
l: a.T.(x) = l: h.T.(x) j=O J J j=N+l J J (2.13) 
from which we get the system of N+l equations 
1 0 
k 
ao = ~ L: b.c. j=O J J 
(2.14) 
k 
ar = ~ L: b . < c I . I + cr+ j) r = 1 , · · · , N j=O J r-J 
ar = O,r >m. 
b0 = 1 as in the Pade approximation. The solution of (2.14) 
leads to the N+l a; •s and b; •s needed as coefficients of the 
approximation for a given N = m+k. 
Analogous to the Pade approximation, the Chebyshev 
rational approximation can be evaluated directly at any point 
in the interval [-1,1]; but the first term on the right side 
of equation (2.13), hN+l TN+l(x), where 
gives a good approximation to the error in Tmk(x). Because 
of the property of Chebyshev polynomials as stated in theorem 
2.1, the Chebyshev rational approximation to f(x) has a more 
uniform behavior and the error in the approximation iS there-
fore better in the minimax sense. 
The economization of rational functions approximation 
Cmk(x) to f(x) is formed by a sequence of Pade approximations 
to f(x) such that the result has a smaller minimum maximum 
error over the interval [-a,a] than the Pade rational approxi-
Rm k (X) t 0 f (X) • 
Ralston's (2.3) derivation of this method begins with 
1 1 
the polynomial approximation RN 0 (x) to f(x) which is just the 






N+ 1 . 
L: dJ. xJ. j=O 





ITN+l(x)l2_l for x £ [-1,1]; therefore, 




Since usually a. 2_l and dN+l decreases as N 
increases, the added error will generally be quite small and 
fewer terms have been used to obtain almost the same result. 
But, rather than this, we are more interested in comparing 
approximations of the same degree. 





From (2.17) and (2.18) and theorem 2.1, 
(2.19) 
1 2 
lim f( .au) - cN 0 (au) 
a-+0 N+l 
a 
N+l N oo • 
dN+l(a /2 )TN+l(u) + L: d.(au)J 
lim ·=N+2 J 
= 
(2.20) 
From this it is seen that cN 0 (x) has an error with smaller 
maximum magnitude than TN 0 (x) over [-a;a], and is therefore 
a better approximation than RN 0 (x) in this sense over [-a,a] 
for sufficiently small a. 
The same reasoning as above can be applied to rational 
approximations. For any Pade approximation Rmk(x) = 
lim f(au) - Rmk(au) _ (m,k) N+l 
a-+0 N+l - dN+l u (2.21) 
a 
where the superscripts of d~~ik) will be used later. Similar 
to the above procedure, we must now find a rational approxi-
mation Cmk(x) to f(x) such that 
lim f(au) - cmk(au) 




dN+l 2N (2.22) 
As before from (2.18), (2.19) and theorem 2.1 Cmk(x) will have 
a smaller maximum error over [-a;a] than Rmk(x). 
1 3 
To obtain the necessary coefficients, a sequence of Pade 
approximations to f(x), 
R~j~ . (x) = 
1 , J- 1 




j = O,···,N-1, (2.23) 
is used. Then 
11·m f(au) - R ... (au) 1 ,J-1 = 
a-+0 N+1 
a 
d (i,j-i) j + 1 (2.24) 






d (m,k) N-j N+1 a 
d (i,j-i) 2 N j + 1 
=0 J + 1 1 ro 
N -1 
L: r j + 1 Q ~ j ~ ( X ) j=O J- 1 
tj+ 1' j=O,··· ,N-1 
r = 0 





where tj is the coefficient of uj in TN+ 1(u). Form the 
difference 
N-1 ( .) N-1 p(j) 
[ Q k ( x)- . : 0 r j + 1 Q j ~ i ( x)] f ( x) - P m ( x)- . : 0 r j + 1 i (x}r 0 
N-1 
Qk(x) + r r.+ 1 Q~j~(x) j=O J J-1 
= 
N-1 Qk(x)f(x)-Pm(x)+ L: r. [Q(j~(x)f(x)-P~j)(x)] - r 
·=o J+1 J-1 1 o (2.27) 
----------------~N~-~1~----------------------------
Q ( ) + "' Q(.j~(x) k x ~ rJ.+1 J-1 j=O 
14 
Qi (0) = 1 in all Pade approximations because b0=1 and each 
of the other terms involves powers of x which all vanish at 




d(m,k) (uN+l N-1 t j + 1 .+1 to = + E UJ + -) N+l j=O 2N 2N 
= 
d(m,k) TN+l(u} 
N+l 2N (2.28) 
and Cmk(x) is the desired economized rational function which 
is better than Rmk(x) in the minimum maximum error sense. 
Let f(x) be represented by a convergent continued frac-
tion of the form (9) 
f(x) = aol+ alxl+ a2xl+ 
lb 0 lb 1 lb 2 
(2.29) 
such that the approximation 
ao alxl ... + a Nxl+ a N+lxl R (x) = -1+- + 
N+l lbo lb, IbN l bN+l 
(2.30) 
is defined for x E [a,b]. (The above notation will be used 
to denote continued fractions throughout this paper). We are 
looking for a function of lesser degree RN(x) so that 
max IRN(x)- f(x)l 
[a, b] 
is nearly a minimum. 
(2.31) 
From the theory of continued fractions (12) if x= Eu, then 
1 5 
1 i m RN( t: u) - f( t: u) N+ 1 
a.-+ 0 N+l = CN+l u ( 2 .32) 
E 
where 







We now wish to improve RN(x) so that 
(2.35) 
where TN+l(x) is the (N+l) st degree Chebyshev polynomial with 
leading coefficient of 1: 
(2.36) 
One of the following changes, in either the a. k or the 
bk, produces the desired RN. To correct the a. k we take 
a. * = + I k a. k a. k, ( 2.37 ) 
(- t: )N+l-k N 
a.k = - a. ktk I I rm. 
m=k 









a ol a, XI 
- + -- + 
1 b0 lb; 
bk + b~, 
bktk(- E: )N+l-k 
1 6 
... + 
( 2. 38) 
N 
II r . m 
m=O 
For finite values of E: , these two forms of RN give slightly 
different results, but as E:~ O, both R~* and R~* satisfy (2.35), 
and 
N aO 
= ( -1 ) N I I r m· 
m=O 
(2.39) 
An approximation of the form (2.29) or (2.30) can be re-
written in the form 
PN(x) 
RN(x) = where PN and QN are polynomials of degree 
QN(x) 
N/2, N even 
{ N -1 ) { N+ 1 } resp., N odd, 
2 2 
using the recurrence relations 
Po = a o pl = a Obl 
Oo = bo o, = bo bl + a l x 
pm = bm p m-1 + a mx p m-2 
m>2. ( 2. 40) 
Qm = bm Qm-1 + a X Qm-2 m 
A rational approximation satisfying this is 
1 7 
N 
PN+ro + X L: r. p. 2 
=2 J J-RN(x) = N 
(2.41) 
QN + x r 1 + X L: r .Q. 2 j=2 J J-
with N+ 1 d . 
rk = - tk (-a)N+l-k II _J_ b. ' (2.42) j=k J 
which is the desired economized rational approximation. 
(2.43) 
and odd functions 
. . . ' (2.44) 
similar alterations can be performed so that if the interval 
of approximation is symmetric with respect to the origin, the 
approximation RN(x) will show the same symmetry as the function. 
Replacing x by x2 in (2.40), for even functions, the 
approximation to g(x) has the form 
x2 
N 
PN(x) P N + ro + L: rkPk-2 
RN(x) = k=2 (2.45) = QN(x) N 2 2 QN + x r 1 + X L: rkQk-2 k=2 
with N+ 1 
= _ lt(2-N+2)I 2(N+l-k) II a m 






= _ lt(2-N+3)I 2(N+l-k) 
rk 2k+l E: II (2.48) 
m=k 
Spielberg (13) considers an approximation to a function 
f(x) which has a polynomial approximation of the form 




This polynomial approximation is obtained from a truncated 
Chebyshev series expansion of f(x) which is transformed into 
polynomial form. 
The rational approximation to f(x) will have the form 
[m = 
( m = 




1 = 1 ~k~---.-. bo = 1. 
1 L: b.y 
. 0 1 1 = 
, N even 
k+l = l/2(N+l), N odd. 
(2.50) 
The y in the above and following explanation of Spielberg's 
method signifies x in the case of general functions and x2 for 






= g(y)-g*(y) = 
k 
= L: 




1 L: d. y 




c1 = i-j' fc 0 2-J~. i 2_N+ k 
0 , 02_i<j or N+k<i 
m . 
- L: a.y 





( 2.5 2) 
l 9 
be the error function. The ideal aim would be to minimize 
the maxi mum v a 1 u e of o( y ) over the i n t e r v a 1 of appro xi mat i on . 
But a more feasible problem is to consider an approximation 
to o( y) , 







L: aiy . 
i=O 
(2.53) 
"' Spielberg states that the actual error o(y) differs from o(y) 
by no more than 10 percent for functions with rapidly converg-
i n g p ow e r s e r i e s . An u p p e r b o u n d t o o( y ) g i v e n by 
I o( y) I u . b . = 
"' I o( Y) I rna x 
k 
1- L: lb·l j=l J 
can be computed after the approximation has been found. 
(2.54) 
Since there are m+k+l ai's and bi's we cannot reduce the 
"' N + k + 1 co e f f i c i en t s of o( y ) to zero so we w i 1 1 generate a pol y-
n om i a 1 o( y ) * , a n a p p r o x i m a t i o n to o( y ) w h i c h h a s o n l y m + k + 1 
coefficients and which will vanish with the proper choice of 
the a; 's and bi 's such that the remaining polynomial e(y) 
will have virtually minimum deviation from zero. 
"' Since the coefficients of o(y) are yet unknown, the econo-
mization process is carried out algebraically. 
Let Em be a linear operator to represent the process of 
transforming a polynomial f(x) into its approximation poly-
nomial f~(x), such that f~(x) = Emf(x). 
Write the error polynomial in the form 
"' k 
o( y ) = L: b . S . ( y ) + A ( y ) 
. 0 1 1 1= 
(2.55) 
where 
Si (y) = 
A(y) = 
N ·+· 
L: c .y J 1 = j=O J 
m . 
1 L: a.y 





j=O J (2.56) 
A p p 1 Y E N t o o( y ) to g e t t h e N - d e g r e e a p p r o x i m a t i o n p o 1 y n o m i a 1 
rv 
o( y ) * . S i n c e d e g A..::_ N , 
ENA(y) = A(y); and since deg g(y) = N, 
ENSO(y) = 
rv 
EN o( y) = 
ENg(y) = g(y). Then 
i~O biENSi(y) + A(y) 
k 
= 9 ( Y ) + L: b i ENS i ( y ) + A ( y ) , 
i = 1 
(2.57) 
and the j o b of e con om i z i n g o( y ) i s reduced to that of e con o-
mizing the k polynomials Si(y), i=l,···,k. 
To estimate the error committed in this procedure, define 
the error polynomials e(y) and ei(y): 
rv rv 
e ( y ) = o( y ) - EN o( y ) 
e i ( y ) = S i ( y ) - E N S; ( Y ) • (2.58) 
Then 
k k 
e (y) = L: b . [ s. ( y ) - EN S1. ( y ) ] = L: b . e . ( y ) 
"11 1 "111 1 = 1 = 
(2.59) 
is a linear combination of the k truncation errors ei(y). 
Since the (N+l)st Chebyshev polynomial controls the dominant 
error in each of the ei(y), which is CN+l-iTN+l(y), for any 




I e ( Y ) I < I l: b i I e i ( y ) I m a x . s g n ( C N + 1 _ i ) I ,b 0 = 1 . ( 2 . 6 0 ) 
total i=O 
This is of importance when a power series is truncated at N+l 
terms and a rational approximation is derived from the trun-
cated series. 
The solution of the error polynomial (2.53) for the ai 
and bi will yield the coefficients of the desired approxima-
tion g*(y) and the subsequent approximations of the error 
generated. 
The minimax rational approximation 
m . 
l: a. XJ 
= j =0 J 
k . 
L b ·X J 
j =0 J 
w(x) (2.61) 
to a function f(x} is that approximation which minimizes the 
maximum value of the magnitude of the error in the approxi-
mation over a given interval for a given m and k. There are 
several algorithms which start with an initial approximation 
of abscissas corresponding to the maxima of the error func-
tion lf(x} - R~k(x} I to find a sequence of approximations 
which in the limit converges to the true Chebyshev, or mini-
max approximation. 
The function f(x} we are approximating must be con-
tinuous over a finite interval [a,b]. w(x} is a continuous 
weight function, and w(x} = 1 throughout this discussion. 
rmk =max i [f(x) - Rmk(x)] w(x) I 
[a,b] 
will be defined for any rational function 
m . 
L a. XJ 
= j =0 J 
k . 
L b. XJ 
j =0 J 
22 
(2 .6 2 ) 
( 2. 63) 
The basis of the minimax approximation lies in the following 
2 theorems which, as given by Ralston (2 ,3), are: 
Theorem 2.2: There exists a unique rational function Rmk(x) 
of the form (2.63) which minimizes rmk (i f two rational func-
tions are considered identical if they are equal when reduced 
to their lowest terms). Moreover, if we write this unique 
rational function as 
m-v 
xj L a.+ P~(x) j=O J \) R~k(x) = = (2.64) k-~ 
xj Qk{x) L b.+ j=O J ~ 
then if r~kto, the number of consecutive points of [a,b] at 
which f(x) - R~k(x) takes on its maximum value of magnitude 
r~k with alternate change of sign is not less than L=m+k+2-d 
where d =min { ~ , v ). 
Theorem 2. 3: Let 
m- v 
xj 
Pm(x) L a.+ j=O J \) Rmk(x) = = (2.65) 
Qk(x) k-~ xj L bk+~ j=O 
23 
be irreducible and let the difference f(x) - Rmk(x) remain 
finite in [a,b]. Further, let x1 <x2<··· <XL be in [a,b], and 
let 
A.. ,;= 1,···, L 
1 (2.66) 
where A. ; >O for all i and L=m+k+2-d with d=min(~,v). Let 
Smk(x) = Pm(x)/qk(x) be any rational approximation to f(x) 
with degrees of numerator and denominator less than or equal 
to, res pectively, m and k and let 
Then 
smk =max if(x)-Smk(x)l. [a,b] 
s k > min A. 1 •• m - i 
(2.67) 
(2.68) 
Similar theorems are also given by Achieser (1) and Davis (11). 
The proofs of these theorems can be found in (2). 
By putting R~k(x) into theorem 2.3 for Smk(x), it is 
seen that the magnitude of the smallest extremum in the error 
of Rmk(x) gives a lower bound of the minimax error from any 
initial approximation Rmk(x) which satisfies the conditions 
of theorem 2.3; and since the minimax error is, by definition, 
smaller than the magnitude of the largest extremum in the error 
of Rmk(x), we also have an upper bound on the minimax error. 
An algorithm for finding the minimax rational approxi-
mation to f(x) which is easily programmed for computer cal-
culations is the second algorithm of Remes (14,2). Ralston's 
(2) presentation of this algorithm makes the following assump-
tions: f(x) - R~k(x) has at least N+2=m+k+2 points where the 
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extreme value of the error is found (or, we set d of theorem 
2.2 equal to zero), and the interval of approximation [a,b] 
contains zero so that we may let b0=1. We are then looking 
for the set of abscissas corresponding to the extrema of 
f(x) - R~k(x) to obtain the minimax approximation to f(x). 
The steps of the algorithm are as follows: 
(1) We begin with an initial set of abscissas x0 <x1<-·· < 
xN+l from an initial approximation R~~)(x). When k=O, any set 
of m+2 abscissas within [a,b] will converge to the minimax 
approximation. When kfO, there is an E> O such that when the 
abscissa of each extremum of f(x) - R~~)(x) lies within E of 
the corresponding abscissa of the extremum of f(x)-R~k(x), 
the approximation will converge to the minimax approxi mation. 
It is sometimes possible to use the N+2 extrema of TN+l(x), 
the (N+l )st degree Chebyshev polynomial, to obtain the initial 
set of abscissas. But it is often necessary to have an approxi-
mat ion R(O)(x) mk from which to get a sufficiently good set of 
X;· When f(x) - Cmk(x), where Cmk(x) is the economization of 
rational functions approximation to f(x), has N+2 extrema, 
Cmk(x) will give a good initial approximation. 
(2) Using the N+2 x; of the previous step, solve the 
system of N+2 nonlinear equations 
= (-1); E (2.69) 
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i = Q, .•• , N+l 
fL = 0,1,··· 
b = 1 0 
for the N+2 unknowns a 0( !L )····,am( !L ), b( !L ) ···b( !L ) and E 1 ' k £+1 
where E!L is the magnitude of the error in R~~) (xi),i=1,···,N+l. 
When k=O, (2.69) becomes a linear system of equations and is 
easily solved. When kfO, the system may be solved in the 
following manner: 
W r i te ( 2 • 6 6) as 
(2.7 0 ) 
i=o,···,N+l 
£=0,1,··· 
An initial value E0 will be given to solve the system (if 
none is given, E0=o may be used) and iterations are continued 
until two successive values of E are sufficiently close. 
Fraser and Hart (8) suggest that to avoid the possibility of 
an ill-conditioned system in (2.69), the basis xn can be 
effectively replaced by Tn(x), the nth degree Chebyshev poly-
nomial. 
(3) Define the function 
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m a~ £ )xj L 
J j=O h£ (x) = f(x) - (2.71) k b~ £ )xj L j=O J 
which has the value of IE £ 1 with alternating sign at each 
xi, i = O,···,N+l. In the neighborhood of each x~ £ ) there 
is an x~ £ +l) at which h £ (x) has an extremum of the same sign 
as that of f(x) - R~~)(x) at x~ £ )_ One method of searching 
for the extrema is to evaluate h~x) over the interval using 
a specific increment of x, say .01. The greatest portion of 
the change in the abscissas occurs in the initial cycle of 
calculations (8). After this initial shift another procedure 
for determining x~ £ +l) is by starting at x~ £ ) and using a 
step of size of !J.X = .015(x~l 1 - x~=~)incrementing in the di-
rection of increasing lh£(x)l. When a point on each side of 
an extremum of the error curve has been found, parabolic inter-
polation using the last 
Replace the set {x.( £ )} 
1 
£+1 three points may be used to find x. 
1 
( £+1) -by the set {x; }. Find x, the 
point where h£ (x) has its maximum magnitude; if this point 
is not one of the x~ £ +l), replace one of the x~ £ +l) by x 
1 1 
such that the extrema of the x~ £ +l) of h£ (x) still alternate 
between X; and xi+l, insert x in place 
the same sign as x. If xis between a 
are the same sign, replace XQ by X; if 
same sign, replace xN+l by x. A similar 
substitution is made if xis between xN+l and b). The values 
in sign. (If - lies X 
of the one which has 
and if - and XO ' X xo 
they are not of the 
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of h£ (x) will be nearly equal in magnitude, so it is important 
that sufficient accuracy be maintained in the calculation of 
the function and its approximation to find h £ (x). 
(4) Repeat steps 2 and 3 using the most recent set of 
abscissas obtained. On each iteration a new rational approxi-
mation is found and this sequence of approximations will con-
verge uniformly to R~k(x). 
Ralston (4) and Mattson (5) discuss the exchange algorithm, 
a variation of the second algorithm of Remes, which is con-
cerned with finding the function C*(x) of the class of func-
tions {C(x)} which minimizes 
max lf(x) - C(x)l. 
[a,b] 
(2.72) 
The procedure is similar to the second algorithm of Remes 
discussed above with the approximation to f(x) in (2.27) given 
by a function C(i)(x) of {C(x)}. 
The algorithm converges to the minimax approximation 
C*(x) for any initial set {x~O)} corresponding to an approxi-
mation R~~)(x) for which f(x) - R~~)(x) has N+2 alternating 
extrema. The following theorem, given by Ralston (4), states 
the convergence of the exchange algorithm. 
Theorem 2.4: Let R~~)(x) be a member of Rmk such that 
f(x) - R(O)(x) has exactly N+2 extrema which alternate in sign 
mk 
on [a,b] and whose first extremum (i.e. the one with the 
smallest abscissa) has the same sign as the first extremum of 
f(x) - R~k(x) (where R~k(x) is as in theorem 2.2). 
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Let x1 = {xi(l)} be the abscissas a.:_x1 (l) <x2 (l) < ... < x~!~ < b 
of the N+2 extrema of f(x) - R~~)(x). Let Emin be the magni-
tude of the extremum of smallest magnitude (so that by theorem 
Finally, let x* = {x~} be the abscissas 
1 
a .:_xi < x~ < ··· < x*N+ 2 .:_b of the N+2 extrema of f(x) - R~k(x) of 
magnitude r~k· Then there exist s> O and n > O such that if 
rm*k - E . < n , m1n 
(2.73) 
then using a suitable technique for solving (2.69) the ex-
change algorithm converges to R~k(x). 
The proof of this theorem is also given by Ralston in 
(4). The suitable technique mentioned in the theorem is the 
system of equations (2.70). 
Stoer (6) has a variation of the second algorithm of 




R*(x) = o::TXT = m 
E C . XJ 
j=O J 
m . ' 
E d . XJ 
j=O J 
function approxi-
£> m (2.74) 
to a continuous function f(x) over an interval [a,b], such 
that if 
o.... _ R(x) - f(x) 
~ I{ - g ( X) (2.75) 
is the error function, with g(x) a positive and continuous 
weight function over [a,b], the maximum magnitude of oR 
is minimized. If t< m, interchange t&m and approximate the 
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reciprocal l/f(x) using the weight function g(x)/(f(x)) 2 . 
Stoer•s method differs from those already discussed in that 
he computes the rational functions Ri(x) of (2.69) using 
interpolation theory for rational functions in the form 
( 2. 76) 
+ 2 £-m+~ (x-yo) I+ x-y£-m+ll+ .. ·+ x-y£+m-ll 
I l 2£-m+2 I 22+m . 
Corresponding to (2.69), we are concerned with finding 
the solution R(x) and A of the equations 
R(xi) - f(xi) 
. g(xi) = (-l)i A, 
i = 0 , · · · , £ +m + 1 
which can be transformed into 
i = o,···, Q, +m+l. 
(2.77) 
(2.78) 
Since interpolation is being performed at the approximate 
values xk of the extrema, let 
yk = x. k = 0,···, £ + m - 1 (2.79) 
1 k 
with x . t X· for k t j be the parameters yk in (2.76). 
1 k 1 . J 
Let 
R(x) P£-m+l (x) - P2_m (x) = p£-m(x) + (2.80) 
1jJ (X) 
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p£-m+l(x) = eo + el (x-xo) +·. ·+e 1 (x-xo) ... (x-x ) £-m+ £ -m 
1Ji (X) = 1 + x-x £-m+l I 
le £-m+2 
+ ... + x- x £+m -1 I 
I e £+m 
The coefficients ei are calculated by difference methods. 
Assume temporarily that the interpolation points 
i = 0,···' £+m+l where h. 1 
(x., h.) 
1 1 
We wish to have R(x) such that R(xi) = hi, i = 0, · · · , £+m+l. 
To find the ei, the technique of divided differences is used. 
R(x 0 ) = aoo 
R (X l ) all = ala 
R(x 2 ) = a20 
a21 
·a £-m+l, £-m+l (2.81) 
a £-m+l,l 
. 
R(x £-m+l) = a £-m+l ,0 
From this, e.= a .. , i = O,···, £-m+l. 
1 1 1 
To calculate the remaining ei' i = £-m+2,··· , £+m, Thiele's 
method of reciprocal differences is used. Be rearranging 
(2.80), such that 
= 
p£-m+l(xi) - p£-m(xi) 
h. - P (x.) 
1 £-m 1 
the table of reciprocal differences may be set up . 
. c2m-l ,2m-l 
c2m,2m-l 
c2m,l·· 
~(x£+m+l) = C2m,O C2m,l 
Using the recursion formula 
x£-m+l+i - x£-m+l+i-k 
ci ,k-1 - ci-1 ,k-1 
From the table, 
+ ci-1 ,k-2. 
e£-m+l+i = Cii - Ci-2,i-2, 






The rational function R(x) determined by the ei passes through 
the points (xi,hi) such that R(xi) =hi' i = 0,···, £+m. In 
order that R(x £+m+l) = h£+m+l, we must have c2m, 2m = oo or, 
equivalently, c2m-l ,2m-l = c2m,2m-l from the reciprocal diff-
erences table. 
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This method is now applied to determine R(x) and A. A 
may be found by solving the conditions 
C2m-l ,2m-l (A) = C2m,2m-l (A) m>O 
aQ,+l ,Q,+l (A) = 0, m=O. (2.86) 
Solving the equations (2.86) by Newton iteration eliminates 
the necessity of knowing the form of the functions Cik(A). 
Then A%A + &. For this we must know aik (~), Cik (~) and 
their first derivatives aik(~) and Cik (~). Using the no-
tation 
QQ,-m+l (x) = 
we have the recursion formulas 
= bi ,k-1 - bi-1 ,k-1 
X. - X. k 1 1 -
oPQ,-m+l(x) 
o A A=A 
(2.87) 
(2.88) 
+xQ,-m+l+i - xQ,-m+l+i-k ) 
= di-1 ,k-2 (di-1 ,k-1-di ,k-1 
ci ,k-1 - ci-1 ,k-1 
with the starting values 
a. 0 =h. b. 0 = {-l)i g(x 1.), 1, 1, 1, (2.89) 
i = O,l,···,Q,-m+l 
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and 
h 1. - Pn (x.) 
"' -m 1 
d i - Q. +m- 1 , 0 (2.90) 
Initially A = 0 is adequate since A is expected to be quite 
small. After one iteration of the Newton method, 5: + 6A is 
the new approximation to A where 
c - c2m,2m-l 6 A = - 2m-1,2m-l m>O (2.91) 
d - d2m,2m-l 2m-1,2m-l 
6 A = -
aQ.+l , Q. +l 
m = 0. ( 2. 92) 
b Q, +l ,Q,+l 
The iterations are continued and the process converges 
quadratically (assuming the initial i = 0 is sufficiently 
close to A). 
In the next stage of the algorithm Stoer uses parabolic 
interpolation, as did Fraser and Hart mentioned previously, 
to find a new set of abscissas. 
34 
Maehly (14) has developed a method to find the minimax 
rational approximation to a continuous function f(x) over a 
finite interval [a,b] which gives the error function in terms 
of its n+l zeros a <z 0 <z 1 <· ·· <Zn <b rather than its extrema, i.e. 
n 
O*(x) = G(x) lT (x-zk). 
k=O 
(2.97) 
The method is a two-stage iteration process which begins with 
an initial approximation of the n+l zeros of the optimal error 
curve. Because the values of f(x) and its approximations must 
agree at each of the roots z. of o(x), an approximation can be 
1 
found using rational interpolation. 
Using the new approximation Rn(x), the interior extrema 
x1 <··· <xn of o(x) = f(x) - Rn(x) are found using parabolic 
interpolation and are used to correct the zeros of o(x). 
The method Maehly uses to correct the zeros using the 
interior extrema is as follows: for computational purposes, 
denote the error curve o(x) by E(x). By taking the logarithm 
of each side of E(x) and then taking derivatives of both sides 
we have 
n 
olni E I= L: 
k=O 
_ _1_) 0 z + a 1 n I E I 
x-zk k ax ox. (2.98) 
Since we are interested in the change in the extrema of E(x) 
and these occur either at the endpoints of the interval where 
o x= 0 or at the extrema where we have 









oz i = O,···,n+l (2.99) 
k, 
where Ei = E(xi). 
Maehly makes the assumption that near an extremum x., 
1 
when E(x) is nearly optimal G(x) does not depend much on the 
zeros z., from which we get the expression 
1 
n 
ol n I € 1 - - L: 
k=O 
c; z 
k i=O,···,n+l. (2.100) 
Since our aim is to have the magnitude of the extrema of E(x) 
equal, we put 
lniEil + olniEil= lnlt..l, i=O,···,n+l. 
By substituting this into (2.100), we get 
n 
l .nlt..l + L: 
k=O xi-Zk 
= lniEil i=O,···,n+l, (2.101) 
a system of n+2 equat i ons in n+2 unknowns, lnjt..j, o z 0 ,oz1,···,ozn. 
We will eliminate lt..l by subtracting (2.101) with i = 0 from 




From the approximation 
€ • 





we have the system 
n (x0 -xi) o zk 
L: = i=l,···,n +l (2.104) 
k=O (xi-zk) (xO-zk) 
and from this we can find the o zk . 
This method is considered by Ma e hly to be better than the 
second algorithm of Remes because the first stage of the p ro-
cess does not present the computational difficulties that a r e 
found in Remes' algorithm; and the computation of the coef-
ficients of the approximation is more stable in this method. 
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III. DISCUSSION 
This chapter presents a discussion of several rational 
approximations of functions which give "good", although not 
ideal, results, namely the Pade, Chebyshev, and economization 
of rational functions rational approximations. Then an approxi-
mation which minimizes the maximum magnitude of the error func-
tion, the second algorithm of Remes, will be discussed. 
A "best fit" functional approximation may be best in any 
one of several different ways. The criteria with which this 
research is concerned is a rational approximation of the form 
m i 
L a.x 
. 0 1 1 = 
k . 
1 L b.x 
i=O 1 
(3 • 1 ) 
to a function f(x) continuous over a finite interval [a,b] 
such that the maximum magnitude of the error function 
= max 
a <x <b 
i s as s m a 1 1 as p o s s i b 1 e . 
I f ( x ) - Rm k ( x ) I 
Rational approximations are often preferred to polynomial 
approximations because, for a specified amount of computation, 
the rational approximation of many functions tends to minimize 
the maximum magnitude of the error over a s ufficiently small 
interval. Naturally, some approximations are better than -
others in various respects. Some have the advantage of the 
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high degree of accuracy that is often necessary; others may 
be calculated more rapidly with a small sacrifice in accuracy. 
The size of the interval of approximation may also influence 
the choice of a method. 
In another respect, rational functions are more easily 
evaluated for a particular X£ [a,b] than it might be expected. 
To evaluate Rmk(x) directly in the form (3.1) would require 
m+k additions, m+k-1 multiplications, and one division. The 
function Rmk(x) can be transformed into a continued fraction 
of the form 
+ 
where si(x) are polynomials, which reduces the number of 
multiplicatio~ and divisions tom or k. 
The Pade approximation of a function f(x) is based on the 
Maclaurin series expansion of f(x). The refore, this method 
generates a good approximation over a small interval about 
zero. but as x increases in magnitude, the approximation loses 
accuracy. Since it is important to be able to bound the error 
of the approximation, and even to make this bound as small as 
possible, the Pade approximation is not good in the minimax 
error se nse except over very small intervals. 
An approximation we would expect to be better than Pade 
in the minimum maximum error sense is the economization of 
3 9 
rational functions approximation which is computed using a 
sequence of Pade approximations. An important drawback of this 
method is that this sequence of Pade approximations must exist. 
For functions such as sin x and arctan x which have a Maclaurin 
series expansion in which alternate terms have zero coefficients, 
the Pade approximations for which N = m+k is odd do not exist. 
It is not always possible, then, to obtain the required N Pade 
approximations to form the economized rational approximation of 
some functions . 
Let a function f(x) be expanded in a series of Chebyshev 
polynomials, i.e. 
00 
f(x) = l/2 c0 + ~ 
i = 1 
c.T.(x) 
1 1 
where Ti(x) is the ith degree Chebyshev polynomial. The coef-
ficients ci of this expansion are used to generate the Cheby-
shev rational approximation 
m 
~ a.T.(x) 
i = 0 1 1 
k 
~ b.T.(x) 
i =O 1 1 
(not to be confused with the minimax approximation which is also 
called Chebyshev) of f(x). By the nature of Chebyshev polynom-
ials as stated in theorem 2.1, Tmk(x) is a better a pproximation 
in the minimax sense. Although the economization of rational 
functions approximation to f(x) over the interv a l [-a,a] be -
comes better than Tmk(x) as a~o. The Chebyshev approximation 
is especially useful for functions which do not have rapidly 
converging power series. The main obstacle in finding this 
approximation is in evaluating the coefficients cj. They 
have the form 




(l-x2)1/2 dx, j = 0,1, ... 
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which is not usually analytically integrable. One method by 
which the integral can be evaluated is Chebyshev-Gauss quadra-
ture. Another is the use of Fourier series by the transforma-
tion Tj(cos 8) = cos j8. Then 
g ( 8) = f(cos8) = 
00 
+ L: j=l c. cos j8 J 
and the ci are the coefficients of the cosine terms of the 
Fourier expansion. 
Table I of Appendix I, which gives the error function 
when f(x) =ex is approximated over [-1 ,1], shows that of the 
three approximations being considered Tmk(x) generally gives 
the approximation with the smallest maximum error for any 
m and k. Table II of Appendix I, which gives the error func-
tion when f(x) = log(l+x) is approximated over [-.75, .75], 
shows that for a given N = m+k in this smaller interval Cmk(x) 
generally gives an approximation with the smallest maximum 
error. 
There exists a unique rational approximation R*mk(x) 
of the form 
m-v . 
J L: a.+ x 
R*mk(x) = j=O J v 
k -ll . 
L: b.+ XJ j=O J ll 
to a continuous function f(x) over a finite interval [a,b] 
such that 
r mk = max Jf(x)- R*mk(x)J 
a<x<b 
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is a minimum. This minimal approximation will have the prop-
erty that the error function f(x) - R~k(x) has L=m+k+2-d 
extrema, where d =min (lJ,v), which alternate in sign and are 
equal in magnitude. Except where f(x) is an even or odd func-
tion over [a,b], d will generally be zero. 
The second algorithm of Remes for finding the minimax 
approximation is an iteration process. The method is started 
with an initial approximation of abscissas corresponding to the 
extrema of the error function which will converge to the 
abscissas of the extrema of the error function, x'*,i=l,···,N+2 1 
if the initial set {x~O)} is sufficiently close to the {xi}· 
Finding an adequate initial set of abscissas is a major prob-
lem of this method. Sometimes the abscissas of the N+2=m+k+2 
extrema of TN+l(x), the (N+l)st degree Chebyshev polynomial 
suitably related to the interval of approximation [a,b], can 
be used as the initial set {x~O)}, but for many functions 
1 
this set is not within the sufficiently small distance E of 
{X~} for convergence. When f(x) - Cmk(x), where Cmk(x) is 
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the economization of rational functions approximation of f(x), 
has m+k+2 alternating extrema, the abscissas corresponding to 
these extrema may be used for the { x~O) } . 
The program for the second algorithm of Remes was written 
for the IBM 1620, Model II computer. As one example, f(x)=ex 
was computed for combinations of m and k with N=4,· ··,12 using 
four iterations of the method and using the abscissas of the 
N+2 extrema of TN+l(x) as the initial approximation of the 
x., i=l,···,N+2. For most values of m and k, the process con-, 
verged to extrema which were very nearly equal in magnitude. 
As can be seen in Appendix V, there are a few isolated cases 
which did not converge to m+k+2 extrema, and, for larger values 
of N, some approximations that will take more than four itera-
tions for convergence. It can also be noticed that when k=O, 
any arbitrary set {x~ 0 ~ will converge. f(x) = arctan(x) was 
approximated in the same manner, with virtually the same re-
sults. There were only isolated cases of approximations that 
did not converge. 
f(x) = sin(x) and f(x) = log(l+x) were approximated by 
the method above with slightly different results. f( x)=sinx, 
an odd function, converged to the N+2=m+k+2 extrema of 
f(x) - R~k(x) using the {x~O)} of the extrema of TN+l(x) more 
often than was expected when it was run with d=O as the two 
functions mentioned previously. But, as stated above, there 
are times when ~ and v must be varied to obtain the minimax 
approximation of f(x) = sinx. 
It was found that the abscissas of the extrema of TN+l(x) 
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can seldom, if ever, be used as the initial approximation of 
the {x ~O) } for f(x) = log(l+x). And there was difficulty in 
finding an approximation cmk(x) to log (l+x) which had the 
necessary m+k+2 extrema to use as the { x~O)}. A method of 
finding starting values for functions for which convergence is 
particularly difficult is given by Werner (27). 
f(x) = ex was approximated again for m=k=2 using four 
iterations of Remes' second algorithm, but using the extrema 
of f(x) - c 22 {x) as the initial {x~O)}. This approximation 
converged giving a maximum error which was smaller by only 
.Sxlo- 10 than the R2 2 (x) approximation using the extrema of 
TN+l(x). And for m=3, k=2, R3 2 (x) was found to have a smaller 
maximum error X -10 using the extrema of e - c32 (x) by only .7xl0 . 
Although these are improvements in the maximum error the value 
of the maximum error in R2 2 (x) is -.8684xlo- 4 , and that of 
R3 2 (x) is .4396xl0- 5 ; from this it would hardly seem justi-
fiable to calculate the economized approximation to obtain an 
initial set of abscissas when a set as easily obtained as the 
extrema of TN+l(x) is adequate. Also, it should be noted that 
for many combinations of m and k, ex - Cmk(x) does not have 
m+k+2 alternating extrema. For N=4,5, with varying m and k, 
c 22 {x) and c 32 (x) were the only economized approximations for 
which ex - Cmk(x) had m+k+2 alternating extrema. 
To obtain an approximation of ex with 8-place accuracy 
using Remes' second algorithm, it is necessary to use at least 
N=7. R3 4 (x) gives the approximation with the least number of 
coefficients that must be determined and the minimum maximum 
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error giving 8-place accuracy. The maximum error for R3 4 (x) 
is .5487 xl0- 8 . To determine the accuracy, the approximation 
R*mk(x) of f(x) is compared to the IBM subroutine approximation 
of f(x) which, in the case of variable length variables, is a 
series approximation for the four functions dealt with in this 
research. 
As can be seen in Appendix V, for a given N = m+k, the 
approximations R;k~) for m=k or m=k-1 give the error with 
the smallest maximum magnitude. This is contrary to the 
general statement made by Ralston (2) that the approximations 
which usually give the smallest maximum error in magnitude for 
a given N = m+k are for m=k or m=k+l. 
The time required to calculate and evaluate these four 
approximations was also investigated. The Pade approximation 
R22 (x) can be found and evaluated in 21 seconds, the Chebyshev 
approximation in 54 seconds, and the economization of rational 
functions approximation in 82 seconds. When the coefficients 
of an approximation are found, it is beneficial to tran sform 
the rational fraction to a continued fraction of the form (3.2) 
to evaluate it. The minimax approximation R34 (x) o f f(x) = ex 
which gi ve s 8-decimal place accuracy was evaluated in continued 
fraction form in .3 seconds, as compared with .67 seconds for 
X the computer evaluation of e . This form of evaluating a ra-
tional fraction would then increase the argument for using a 
rational approximation rather than a polynomial approximation. 
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IV. CONCLUSIONS 
The second algorithm of Remes which has been presented 
in this paper gives a rational approximation of the form 
= 
m . 
1 E a.x 
i=O 1 
k . 
1 E b.x 
. 0 1 1 = 
to a function f(x) which is continuous over a finite interval 
[a,b] such that the maximum magnitude of the error function 
rmk = max 
a <x<b 
I f ( x) - Rm k ( x) I 
is a minimum. This is the condition that must be satisfied 
for an approximation to be a 11 best fit" approximation. 
There are several algorithms from which "good" function 
approximations are obtained. These methods give close approxi-
mations to f(x), but not ones which satisfy the minimax con-
ditions. Very often it is preferable to use one of these 
good approximations because of the ease with which they may be 
obtained and the amount of time that can be saved in computa-
tion. 
The Pade and economization of rational functions approxi-
mations are very good for approximating over small intervals 
about zero. The economized method gives an approximation which 
has a smaller maximum error than the Pade approximation for a 
given N = m+k, but a Pade approximation may be calculated 
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much more quickly. 
The Chebyshev rational approximation gives an approxima-
tion which has a smaller maximum error than the ·economized 
method over larger intervals, and can be calculated in less 
time than the economized method. Over smaller intervals, 
though, the economized method gives a more accurate approxima-
tion. The Chebyshev approximation in this study was always 
more accurate than the Pade approximation in the minimax sense 
for a given m and k, and the Chebyshev approximation can be 
calculated in much less ti me than that of the Pade method for 
a given m and k. 
The major difficulties found in using the second algorithm 
of Remes to obtain the approximation to f(x) which has the 
minimum maximum error are in finding an adequate initial set 
of abscissas for the algorith m to converge and in the number 
of iterations required for convergence. Since the method is 
an it~ration process, a great amount of time is often necessary 
to get the desired approxi mation. 
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APPENDIX I 
Table 1 gives the value of the error function when 
f(x) =ex is approximated over the interval [-1,1]. Rmk(x) 
denotes the Pade approximation, Tmk(x) represents the Chebyshev 
approximation, and Cmk(x) is the economization of rational 
functions approximation. This table shows that generally for 
any m and k, Tmk(x) gives the approximation with the smallest 
maximum error. 
Table 2 gives the value of the error function when 
f(x) = log(l+x) is approximated over the interval [-.75, .75]. 
It is seen from this table that over this smaller interval for 
a given N = m+k the economized rational approximation generally 
gives an approximation with the smallest maximum error. 
The missing Chebyshev approximation of Table 2 are due to 
a singular matrix in the calculations. It appears that there 
is enough error introduced in the calculation of the C • IS , 
J 
where 
that the coefficient matrix of the system 
k 




ar = l/2 E b.(cl . 1 + c +.) r = l,···,N j=O J r-J r J 
a r = 0, r >m 
is ill-conditioned to the point that it is considered to be 
singular by the computer. 
N = 4 
X 
-1.00 
- • 75 
- . 50 
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N = 4 
X R31 (x) X T 31 ( x) X c31 (x) X e - e - e -
-1.00 .1212E-02 .8905E-04 .2562E-03 
- .75 .3270E-03 - .9083E-04 - .2957E-04 
- .50 .4917E-04 .3988E-04 .5195E-04 
- .25 .1763E-05 .1161E-03 .1070E-03 
0.00 O.OOOOE-00 .2144E-04 O.OOOOE-00 
.25 - .2361E-05 - .1284E-03 - .1549E-03 
.50 - .8825E-04 - .1000E-03 - .9280E-04 
.75 - .5402E-03 .1505E-03 .3196E-03 
1.00 - .3940E-02 - .2042E-03 .4468E-03 
X R40 (x) X T40 (x) X c40 (x) X e - e - e -
-1.00 - .7120E-02 - .5009E-03 - .1923E-02 
- .75 - .1754E-02 .4661E-03 - .5584E-04 
- .50 - .2401E-03 - .2281E-03 - .2109E-03 
- .25 - .7810E-05 - .5168E-03 - .3848E-03 
0.00 O.OOOOE-00 - .4477E-04 O.OOOOE-00 
.25 .8489E-05 .5118E- 03 .5066E-03 
.50 .2837E-03 .3179E-03 .2651E-03 
.75 .2253E-02 - .4987E-03 - .1222E-02 
1.00 .9948E-02 .5913E-03 - .2989E-02 
52-l 
N = 5 
X 
R05 (x) X To5 {x) X co5<x> X e - e - e -
-1.00 - .2187E-03 - .1042E-04 .1379E-04 
- .75 - .6167E-04 .9087E-05 - .4022E-05 
- .50 - .8591E-05 - .1979E-04 - .2172E-04 
- .25 - .2132E-06 - .1066E-04 .3523E-05 
o.oo O.OOOOE-00 .3939E-04 .3779E-04 
.25 - .5396E-06 .2808E-04 - .7916E-05 
.50 - .5502E-04 - .8249E-04 - .6427E-04 
.75 - .9998E-03 .1147E-04 .7717E-04 
1.00 - .8990E-02 - .1814E-03 - .1146E-02 
X R14 (x) X T14 (x) X cl4 (x) X e - e - e -
-1.00 .6334E...;04 .2756E - 05 - .1839E-04 
- .75 .1619E-04 - .2078E-05 - .4788E-05 
- .50 .2053E-05 .4587E-05 .4100E-05 
- .25 .4654E-07 .1825E-05 - .8766E-06 
o.oo O.OOOOE-00 - .7992E-05 - .8425E-05 
.25 .2242E-07 - .4466E-05 .2749E-06 
.50 .9326E-05 .1458E-04 .1739E-04 
.75 .1565E-03 - .2810E-05 .1956E-04 
1.00 .1300E-02 .2782E-04 .3374E-03 
X 
R2 3 ( x) X T23 (x) X c23(x) X e - e - e -
-1.00 - .4508E-04 - .1821E-05 .5506E-05 
- .75 - .1053E-04 .1188E-05 .1792E-05 
- .50 - .1222E-05 - .2672E-05 - .2442E-05 
- .25 - .2537E-07 - .7440E-06 .4793E-06 
0.00 O.OOOOE - 00 .4075E-05 .4407E-05 
.25 - .4557E-07 .1736E-05 - .1358E-06 
.50 - .3941E-05 - .6466E- 05 - .8041E-05 
.75 - .6100E-04 .1536E-05 - .2069E-05 
1.00 - .4681E-03 - .1067E-04 - .7722E-04 
53 
N = 5 
X 
R32(x) X T32(x) X c3 2 ( x) X e - e - e -
-1.00 .6334E-04 .2406E-05 .1759E-05 
- .75 .1361E-04 - .1356E-05 - .6642E-06 
- .50 .1450E-05 .3128E-05 .2731E-05 
- .25 .2764E-07 .5519E-06 - .4885E-06 
0.00 O.OOOOE-00 - .4180E-05 - .4275E-05 
.25 .4183E-07 - .1302E-05 .1237E-06 
.50 .3321E-05 .5798E-05 .6801E-05 
.75 .4722E-04 - .1581E-05 - .3528E-05 
1.00 .3331E-03 .8197E-05 .1095E-04 
X R41 (x) X T41(x) X c41 (x) X e - e - e -
-1.00 - .1761E-03 - .6357E-05 - .2828E-04 
- .75 - .3494E-04 .3085E-05 - .2012E-05 
- .so - .3431E-05 - .7349E-05 - .6534E-05 
- .25 - .6018E-07 - .6539E-06 .1073E-05 
0.00 O.OOOOE-00 .8629E-05 .8951E-05 
.25 - .7673E-07 .1833E-05 - .2431E-06 
.50 - .5581E-05 - .1031E-04 - .1240E-04 
.75 - .7259E-04 .3140E-05 .1485E-04 
1.00 - .4681E-03 - .1259E-04 .5648E-04 
X 
R5o<x> X Tso (x) X cso<x> X e - e - e -
-1.00 .1212E-02 .4196E-04 .2663E-03 
- .75 .2229E-03 - .1743E-04 .2798E-04 
- .so .2024E-04 .4328E-04 .3073E-04 
- .25 .3273E-06 .5815E-06 - .4679E-05 
0.00 O.OOOOE-00 - .4477E-04 - .3769E-04 
.25 .3515E-06 - .5673E-05 .9730E-06 
.50 .2335E-04 .4646E-04 .4659E-04 
.75 .2763E-03 - .1524E-04 - .8399E-04 
1.00 .1615E-02 .4838E-04 - .4336E-03 
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N = 6 
X 
R15 (x) X T15(x) X c15(x) X e - e - e -
-1.00 .6970E-05 .1553E-06 - .1816E-05 
- .75 .1365E-05 .2107E-07 - .2110E-06 
- .50 .1177E-06 .2096E-06 . 1116E-06 
- .25 .1360E-08 - .3197E-06 - .3510E-06 
0.00 O.OOOOE-00 - .1867E-06 - .1592E-06 
.25 - .3002E-08 .6813E-06 .6788E-06 
.50 - .5735E-06 - .1832E-06 - .5385E-06 
.75 - .4661E-04 - .7176E-06 - .2828E-05 
1.00 - .1647E-03 - .1739E-05 - .3589E-04 
X 
-R24 (x) X T24 (x) X c24 (x) X e e - e -
-1.00 - .3770E-05 - .7856E-07 .4453E-06 
- .75 - .6839E-06 - .1415E-07 .3763E-07 
- .50 - .5466E-07 - .8914E-07 - .5452E-07 
- .25 - .5858E-09 .1398E-06 .1546E-06 
0.00 O.OOOOE-00 .6239E-07 O.OOOOE-00 
.25 .1117E-08 - .2583E-06 - .2773E-06 
.50 .1988E-05 .8263E-07 .1993E-06 
.75 .4742E-05 .2271E-06 .6083E-06 
1.00 .4978E-04 .5555E-06 .6606E-05 
X R33 (x) X T33 (x) X c33(x) X e - e - e -
-1.00 .3793E-05 .7448E-07 .5758E-07 
- .75 .6393E-06 .1629E-07 .2557E-07 
- .50 .4746E-07 .7106E-07 .4609E-07 
- .25 .4727E-09 - .1147E-06 - .1174E-06 
0.00 O.OOOOE-00 - .3769E-07 O.OOOOE-00 
.25 - .7793E-09 .1841E-06 .1936E-06 
.50 .1290E-06 - .6700E-07 - .1253E-06 
.75 .2865E-05 .1342E-06 - .1146E-06 
1.00 .2803E-04 - .3331E-06 - .4254E-06 
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N :::: 6 
X 
R42 (x) X T42(x) X c42(x) X e - e - e -
-1.00 - .6737E-05 - .1244E-06 - .8941E-06 
- .75 - .1058E-05 - .3166E-07 - .1357E-06 
- .50 - .7314E-07 - .1006E-06 - .7333E-07 
- .25 - .2346E-08 .1678E-06 .1682E-06 
0.00 O.OOOOE-00 .3818E-07 O.OOOOE-00 
.25 .9658E-09 - .2339E-06 - .2549E-06 
.50 .1485E-06 .9401E-07 .1482E-06 
.75 .3065E-05 .1404E-06 - .1686E-06 
1.00 .2786E-04 . 0354E-96 - .3290E-05 
X ex - R51 (x) X T51 (x) X c 51 (x) e - e -
-1.00 .2229E-04 .3967E-06 .4857E-05 
- .75 .3271E-05 .1116E-06 .6302E-06 
- .50 .2109E-06 .2664E-06 .1981E-06 
- .25 .1821E-08 - .4608E-06 - . 4117E-06 
0.00 O.OOOOE-00 - .6474E-07 .OOOOE-00 
.25 - .2243E-08 .5589E-06 .5788E-06 
.50 
- .3202E-06 - .2429E-06 - .3034E-06 
.75 
- .6121E-05 - .2738E-06 . 9456E-06 
1.00 
- .5150E-04 - .7101E-06 .1342E-04 
56 
N = 7 
X 
R16 (x) X - T16(x) X c16(x) X e - e e -
-1.00 .7049E-06 .8002E-08 - .7507E-08 
- .75 .1052E-06 .7893E-08 .2724E-07 
- .50 .6141E-08 - .2763E-08 - .4637E-08 
- .25 .3596E-10 - .1476E-07 - .7035E-08 
0.00 O.OOOOE-00 .2536E-07 .2634E-07 
.25 .8145E-10 - .2726E-08 - .1809E-07 
.50 .3148E-07 - .3894E-07 - .3409E-07 
• 75 .1221E-05 .6830E-07 - .4172E-07 
1.00 .1849E-05 .9649E-07 .1196E-05 
X 
R25 (x) X X e - e - T25 (x) e - c25(x) X 
-1.00 - .3056E-06 - .3262E-08 .7275E-07 
- .75 - .4266E-07 - .3156E-08 .4354E-08 
- .50 - .2329E-08 .1276E-08 .3013E-08 
- .25 - .1278E-10 .4887E-08 .2521E-08 
0.00 O.OOOOE-00 - .8587E-08 - .9071E-08 
.25 - .2549E-10 .1502E-08 .5999E-08 
.50 - .9265E-08 .1122E-07 .6720E-08 
.75 - .3382E-06 - .1940E-07 - .7020E-07 
1.00 - .4827E-05 - .2662E-07 - .9654E-06 
X R34(x) X T34 (x) X c34 (x) X e - e - e -
-1.00 .2:S 0 3E-06 .2400E-08 - .2615E-07 
- .75 .3 $. 03E-07 .2277E-08 - .4564E-09 
- .50 .1588E-IDS - .1010E-08 - .1903E-08 
- .25 .8174E-11 - .2907E-08 - .1608E-08 
0.00 O.OOOOE-00 .5250E-08 .5593E-08 
.25 .1436E-10 - .1202E-08 - .3577E-08 
.50 .4902E-08 - .5827E-08 - .4157E-08 
.75 .1682E-06 .9966E-08 .2454E-07 
1.00 .2258E-05 .1295E-07 .2568E-06 
57 
N = 7 
X 
R4 3 ( x) X T43(x) X c43(x) X e - e - e -
-1.00 - .3056E-06 - .2932E-08 - .2187E-08 
- .75 - .3753E-07 - .2724E-08 - .2470E-08 
- .50 - .1803E-08 .1308E-08 .1908E-08 
- .25 - .8710E-11 - .2871E-08 .1634E-08 
0.00 O.OOOOE-00 - .5334E-08 - .5479E-08 
.25 - .1347E-10 .1506E-08 .3380E-08 
.50 - .4318E-08 .5014E-08 .4032E-08 
.75 - .1391E-06 - .8475E-08 - .9622E-08 
1.00 - .1753E-05 - .1089E-08 - .1423E-07 
X ex - R5 2 (x) X T52(x) X c52(x) e - e -
-1.00 .6532E-06 .5995E-08 .7352E-07 
- .75 .7546E-07 .5454E-08 .1080E-07 
- .50 .3408E-08 - .2750E-08 - .3324E-08 
- .25 .1546E-10 - .4722E-08 - .2901E-08 
0.00 O.OOOOE-00 .9082E-08 .9387E-08 
.25 .2107E-10 - .2921E-08 - .5584E-08 
.50 .6332E-08 - .7208E-08 - .6791E-08 
.75 .1911E-06 .1211E-07 - • 2248E-08 
1.00 .2258E-05 .1465E-07 - .2512E-06 
X R61(x) X T61(x) X c61 (x) X e - e - e -
-1.00 - .2503E-05 - .2200E-07 - . 4 74 6E-06 
- .75 - .2724E-06 - .1958E-07 - . 5341E-07 
- .50 - .1158E-07 .1029E-07 . 9337E-08 
- .25 - .4940E-10 .1387E-07 . 8397E-08 
0.00 O.OOOOE-00 - .2777E-07 - . 2 6 3 2E-0 7 
.25 - .5930E-10 .1001E-07 .1516E-07 
.50 - .1669E-07 .1852E-07 .1875E-07 
.75 - .4716E-06 - .3100E-07 . 4571E-07 
1.00 - .5208E-05 - .3666E-07 .1217E-05 
58 
N = 8 
X 
R26 (x) ex T26(x) X c26 (x) X e - - e -
-1.00 - .2364E-07 - .1284E-09 .5081E-08 
- .75 - .2524E-08 - .1677E-09 .2586E-09 
- .50 - .9364E-10 .2133E-09 .2123E-09 
- .25 - .2616E-12 - .1430E-09 .2111E-09 
0.00 O.OOOOE-00 - .1303E-09 O.OOOOE-00 
.25 .5402E-12 .4769E-09 .3935E-09 
.50 .3991E-09 - .6273E-09 - .6664E-09 
.75 .2220E-07 .7915E-09 .3928E-08 
1.00 .4289E-06 .1016E-08 .7622E-07 
X R35 (x) X T35(x) X c35(x) X e - e - e -
-1.00 .1486E-07 .7686E-10 - .1520E-08 
- .75 .1497E-07 .5893E-10 - .3606E-10 
- .50 .5245E-10 - .1125E-09 - .1139E-09 
- .25 .1384E-12 .8519E-10 .1124E-09 
0.00 O.OOOOE-00 .5531E-10 O.OOOOE-00 
.25 - .2554E-12 - .2094E-09 - .1975E-09 
.50 - .1785E-09 .2952E-09 .3343E-09 
.75 - .9402E-08 .3444E-09 - .1129E-08 
1.00 - .1721E-06 - .6323E-09 - .1810E-07 
X R44 (x) ex - T44(x) e - c44(x) X e - X 
-1.00 - .1491E- 07 - .7420E-10 - • 5698E-10 
- .75 - .1419E-08 - .8836E-10 - . 7081E-10 
- .50 - .4697E-10 .1069E-09 .9293E-10 
- .25 - .1171E-12 - .7140E-10 - . 9103E-10 
0.00 O.OOOOE-00 - .3894E-10 .OOOOE-00 
.25 .1931E-12 .1754E-09 .1500E-09 
.so .1276E-09 - . 2HHE-09 - • 2526E-09 
.75 .6361E-08 .2566E-09 .3173E-09 
1.00 .1101E-06 .1866E-09 . 4210E-09 
59 
N = 8 
X 
R53{x) X T 53 (x) X c53{x) X e - e - e -
-1.00 .2329E-07 .1083E-09 .23l4E-08 
- .75 .2098E-08 .1234E-09 .2520E-09 
- .50 .6568E-10 - .1368E-09 - .1229E-09 
- .25 .1549E-12 .1058E-09 .1198E-09 
0.00 O.OOOOE-00 .3571E-10 .OOOOE-00 
.25 .2282E-12 - .1804E-09 - .1854E-09 
.50 - .1425E-09 .2526E-09 .3098E-09 
.75 - .6712E-08 - .2710E-09 .1616E-09 
1.00 - .1098E-06 - .4880E-09 .1123E-07 
X R6 4 ( x) X T62(x) X c62 (x) X e - e - e -
-1.00 - .5804E-07 - .2653E-09 - .1031E-07 
- .75 - .4953E-08 - .2887E-09 - .8765E-09 
- .50 - .1468E-09 .3202E-09 .2451E-09 
- .25 - .3276E-12 - .2288E-09 - .2386E-09 
0.00 O.OOOOE-00 - .6033E-10 .OOOOE-00 
.25 .4314E-12 .3747E-09 .3418E-09 
.50 .2545E-09 - .4677E-09 - .5772E-09 
.75 .1131E-07 .5054E-09 - .1159E-08 
1.00 .1747E-06 .4434E-09 - .3754E-07 
60 
N = 9 
X 
R2 7 ( x) X T27(x) X c27(x) X e - e - e -
-1.00 - .1733E-08 - .2816E-11 - .6134E-10 
- .75 - .1409E-09 - .2233E-11 - .3228E-10 
- .50 - .3439E-11 .6624E-11 .1876E-11 
- .25 - .5017E-14 - .6064E-11 - .8333E-11 
0.00 O.OOOOE-00 .1569E-10 .1455E-11 
.25 - .1064E-13 - .8725E-11 - .1690E-10 
.50 - .1593E-10 .1747E-10 .2045E-09 
.75 - .1346E-08 - .1875E-l0 .1451E-09 
1.00 - .3511E-07 - .2082E-09 - .5598E-09 
X 
R36(x) X T36(x) X c36(x) X e - e - e -
-1.00 .9131E-09 .4709E-11 - .1789E-09 
- .75 .7046E-10 .5199E-11 - .8750E-11 
- .50 .1679E-11 - .2815E-11 - .1777E-11 
- .25 .2261E-14 .9961E-11 .3723E-11 
0.00 O.OOOOE-00 - .4607E-11 - .6333E-11 
.25 .4340E-14 .7423E-11 .7161E-11 
.50 .6182E-11 .9792E-11 - .5548E-11 
.75 .4973E-09 - .2857E-12 .7165E-10 
1.00 .1235E-07 - .1430E-09 .2036E-08 
X X T45(x) X R45(x) e - c45 (x) X e - e -
-1.00 - .7463E-09 .8413E-12 . 6992E-10 
- .75 - .5472E-10 .1713E-11 • 2801E-11 
- .50 - .1239E-11 .1373E-11 .1219E-11 
- .25 .1586E-14 .2682E-11 - . 2599E-11 
0.00 O.OOOOE-00 .4911E-11 .4305E-11 
.25 .2750E-14 - .6269E-12 - .4739E-11 
.50 - .3727E-11 .1436E-10 . 3749E-11 
.75 .2853E-09 - .9119E-11 - . 2480E-10 
1.00 .6746E-08 - .1692E-09 - . 6035E-09 
61 
N = 9 
X 
R54{x) X T54(x) X X e - e - e - c54(x) 
-1.00 .9131E-09 .5565E-11 .1663E-11 
- .75 .6366E-10 .5784E-11 .1161E-11 
- .50 .1371E-11 - .3253E-11 - .1209E-11 
- .25 .1668E-14 .1009E-10 .2632E-11 
0.00 O.OOOOE-00 - .4011E-11 - .4238E-11 
.25 .2616E-14 .6260E-11 .4537E-11 
.50 .3369E-11 .1089E-10 - .3646E-11 
.75 .2452E-09 - .2507E-11 .5298E-11 
1.00 .5515E-08 - .1500E-09 .1111E-10 
X ex R6 3 (x) X T63 (x) X c63(x) - e - e -
-1.00 - .1671E-09 .2965E-12 - .1488E-09 
- .75 - .1109E-09 .1747E-11 - .9291E-11 
- .50 - .2274E-11 .1042E-11 .1853E-11 
- .25 - .2632E-14 .2740E-11 - .4140E-11 
0.00 O.OOOOE-00 .5515E-11 .6482E-11 
.25 - .3729E-14 - .1893E-11 - .6746E-11 
.50 - .4566E-11 .1592E-10 .5485E-11 
.75 - .3158E-09 - .1028E-10 .1520E-10 
1.00 - .6746E-08 - .1684E-09 .6382E-09 
ex R72 (x) X T72(x) X c72(x) X - e - e -
-1.00 .47.52E-08 .1602E-10 .7634E-09 
- .75 .3005E-09 .1331E-10 .4150E-10 
- .50 .5863E-11 - .1066E-10 - .4131E-11 
- .25 .6458E-14 .2130E-10 .9540E-11 
0.00 O.OOOOE-00 - .1673E-10 - .1455E-10 
.25 .8272E-14 .1565E-10 .1475E-10 
.50 .9621E-11 .6072E-11 - .1212E-10 
.75 .6317E-09 .4405E-11 - .7556E-10 
1.00 .1280E-07 - .1348E-09 - .2497E-08 
62· 
N = 10 
X 
R37(x) X T37(x) X X e - e - e - c37 (x) 
-1.00 .5434E-10 • 34 4 7E-12 - .1014E-10 
- .75 .3200E-11 .9421E-12 - .4573E-12 
- .so .5173E-13 .2523E-11 .5098E-13 
- .25 .3510E-16 .1010E-11 - .5325E-13 
0.00 O.OOOOE-00 .6587E-11 O.OOOOE-00 
.25 - .6990E-16 .1370E-11 .9689E-13 
.so - .2028E-12 .1392E-10 - .1984E-12 
.75 - .2485E-10 - .1009E-10 - .2471E-11 
1.00 - .8351E-09 - .1772E-09 - .1136E-09 
X R4 6 ( x) X T46(x) X c46(x) X e - e - e -
-1.00 - .3738E-10 - .3742E-12 .3505E-11 
- .75 - .2101E-11 .6562E-12 .1586E-12 
- .so - .3242E-13 .2599E-11 - .3263E-13 
- .25 - .2149E-11 .6251E-12 .3189E-13 
0.00 O.OOOOE-00 .7510E-11 .OOOOE-00 
.25 .3850E-16 - .2751E-11 - .5531E-13 
.so .1058E-12 .1552E-10 .1060E-12 
.75 .1239E-10 - .1130E-10 .5454E-12 
1.00 .3983E-09 - .1755E-09 .2588E-10 
X Rs 5 ( x) X T55 (x) X css (x ) X e - e - e -
-1.00 .3744E-10 - .2490E-12 - .2040E-12 
- .75 .2009E-11 .7392E-12 - .1932E-13 
- .50 .2961E-13 .2521E-11 .2936E-13 
- .25 .1835E-16 .7741E-12 - . 2684E-13 
0.00 O.OOOOE-00 .7293E-11 O.OOOOE-00 
.25 - .3020E-16 . 2535E - 11 .4426E-1 3 
.so - .BOSOE-13 .1535E-10 - .7939E-13 
.75 - .9006E-11 - .1109E-10 .1599E-12 
1.00 - .2766E-09 - .1752E-09 .4553E-11 
63 
N = 10 
X R64 (x) X T64 (x) X c64{x) X e - e - e -
-1.00 - .S390E-10 - .1817E-11 - .40S8E-ll 
- .7S - .276SE-ll .18SSE-12 - .1432E-12 
- .so - .3894E-13 .264SE-ll - .3923E-1 3 
- .2S - .2338E-16 .9000E-13 .33S4E-13 
0.00 O.OOOOE-00 .8826E-ll .OOOOE-00 
.2S .3S40E-16 - .4627E-ll - .S2S9E-13 
.so .8812E-13 .17S4E-10 .8820E- 13 
.7S .9416E-ll - .1271E-10 - .7939E-13 
1.00 .2762E-09 - .1739E- 09 - .2926E- 11 
X 
R7 3 (x) X T73 (x) X c73 (x) X e - e - e -
-1.00 .1130E-09 - .1610E-ll .1641E-11 
- .7S .SS44E-ll .201SE-12 .S908E-12 
- .so .7464E-13 .2SS1E-ll .733SE-13 
- .2S .4237E-16 .2694E-12 - .S876E-13 
0.00 O.OOOOE-00 .8S72E-ll .OOOOE-00 
.2S - .S790E-16 - .4384E-11 . 8 780E-13 
.so - .1406E-12 .1736E-10 - .1377E-12 
.7S - .1434E-10 - .12SlE-10 .2182E-ll 
1.00 - .401SE-09 - .1736E-09 . 8017E-10 
64 
N = 11 
X 
R38(x) X T38 (x) X c38(x) X e - e - e -
-1.00 .3115E-11 - .1162E-11 .2961E-12 
- .75 .1396E-12 .3000E-11 .3500E-13 
- .50 .1525E-14 - .4506E-09 .4102E-14 
- .25 -2700E-18 - .6354E-11 - .4421E-14 
0.00 O.OOOOE-00 .7632E-11 .6073E-14 
.25 .1300E-17 .1928E-11 - .8246E-14 
.50 .6309E-14 .8305E-11 .8344E-14 
.75 .1173E-11 - .8654E-11 - .2592E-12 
1.00 .5322E-10 - .1924E-09 - .3526E-11 
X R4 7 (x) X T 4 7 (x) X c47(x) X e - e - e -
-1.00 - .1846E-11 .1439E-11 .2610E-12 
- .75 - .7927E-13 .1442E-11 .7876E-14 
- .50 - .8304E-15 .2368E-11 - .1719E-14 
- .25 - . 6400E-18 .1935E-11 .2280E-14 
0.00 O.OOOOE-00 .3934E-11 - .3062E-14 
.25 - . 1000E-18 .3513E-11 .4066E-14 
.so - .2902E-14 .6685E-11 - .5392E-14 
.75 - .5181E-12 - .2782E-11 - .1866E-13 
1.00 - .2255E-10 - .1921E-09 - .2039E-11 
X R56(x) X T56 (x) X c56(x) X e - e - e -
-1.00 .1561E-11 .9156E-12 - .9018E-13 
- .75 .6425E-13 .1654E-11 - .2469E-1 4 
- .50 .6449E-15 .1469E-11 .1327E-14 
- .25 - • 1200E-18 .3341E-11 - .1690E-14 
0.00 O.OOOOE-00 .2149E-11 .2220E-14 
.25 • SOOOE-18 .5628E-11 - • 2883E-14 
.so .1907E-14 - .1666E-13 . 3666E-14 
.75 .3265E-12 - .5980E-10 - .6765E-14 
1.00 .1364E-10 - .1905E-09 .2632E-12 
65 
N = 11 
X R6 5 ( x) X T 65 (x) X c65 (x) X e - e - e -
-1.00 - .1846E-11 .1431E-11 - .3817E-13 
- .75 - .7286E-13 .1432E-11 - .1445E-14 
- .50 - .7016E-15 .2336E=11 - .1399E-14 
- .25 - .3600E-18 .2022E-11 .1708E-14 
0.00 O.OOOOE-00 .3879E-11 - .2129E-14 
.25 .9000E-18 .3510E-11 .2783E-14 
.50 - .1753E-14 .6639E-11 - .3390E-14 
.75 - .2879E-12 - .1128E-11 .2322E-13 
1.00 - .1153E-10 - .1910E-09 .6787E-12 
X R74 (x) X T74 (x) 
X 
c7 4 ( x) X e - e - e -
-1.00 .3053E-11 .6402E-12 .2862E-12 
- .75 .1156E-12 .1800E-11 .8711E-14 
- .50 .1067E-14 .1054E-11 .2121E-14 
- .25 .1400E-18 .3927E-11 - .2483E-14 
0.00 O.OOOOE-00 .1379E-11 . 3116E-14 
.25 .1100E-17 .6750E-11 - .3865E-14 
.50 .2257E-14 - .3666E-11 .4513E-14 
.75 .3552E-12 - .5761E-10 - .5215E-13 
1.00 .1364E-10 - .1891E-09 - .1984E-11 
66 
N == 12 
X R48(x) X T48(x) X c48(x) X e - e - e -
-1.00 - .8917E-13 .1204E-11 - .247SE-13 
- .7S - .2916E-14 .1S22E-11 - .208SE-14 
- .so - .208SE-16 .1994E-11 - .6320E-16 
- .2S - -34boE-1a .2492E-11 .7840E-17 
0.00 O.OOOOE-00 .3316E-11 .OOOOE-00 
.2S .3000E-18 .4037E-11 - .1440E-16 
.so .7690E-16 .S618E-11 .3013E-1S 
.7S .2078E-13 .7169E-ll .3160E-13 
1.00 .1222E-11 .1979E-09 .1231E-11 
X RS7(x) X TS7(x) X cs7(x) X e - e - e -
-1.00 .6S14E-13 .1189E-11 .2163E-13 
- .7S .2048E-14 .1S42E-11 .1S17E-14 
- .so .1377E-16 .19S6E-11 .420SE-16 
- .2S .3800E-18 .2SS1E-11 - .S660E-17 
0.00 O.OOOOE-00 .3212E-11 .OOOOE-00 
.2S . SOOO'E-18 .4239E-11 .9600E-17 
.so .4390E-16 .S231E-11 - .1818E-1S 
.7S - .11S7E-13 .6738E-11 - .1828E-13 
1.00 - .6SS7E-12 - .2301E-09 - .6744E-12 
X R66 (x) X T66(x) X c66 (x) X e - e - e -
-1.00 - .6S20E-13 .1209E-11 - .2440E-13 
- .7S - .1972E-14 .1S27E-11 - .1471E-14 
- .so - .1306E-16 .1982E-11 - .3788E-16 
- .2S - • lSOOE-18 .2S13E-11 .4430E-17 
0.00 O.OOOOE-00 .3277E-11 .OOOOE-OO 
.25 .~OOOE-18 .4118E-11 - .7200E-17 
.so .3SSOE-16 .5449E-11 .14 70E-1S 
.75 .8838E-14 .7009E-11 .1405E-13 
1.00 .4818E-12 - .1811E-09 .4899E-12 
67 
N = 12 
X R75(x) X T75(x) c75 (x) X e - e - e -X 
-1.00 .8875E-13 .1187E-11 .3474E-13 
- .75 .2583E-14 .1544E-11 .1985E-1 4 
- .50 .1623E-16 .1955E- 11 .4702E-16 
- .25 - .1100E-18 .2550E-11 - .5650E-1 7 
0.00 O.OOOOE-00 .3216E-11 .OOOOE-00 
.25 . 4000E-18 .4229E-11 .9200E-17 
.50 - .3750E-16 .5259E-11 - .1644E-15 
.75 - .9179E-14 .6744E-11 - .1507E-13 
1.00 - .4813E- 12 - .2394E-09 - .4960E-12 
N = 4 
X 
- .75 
- . 50 
















































































f(x) - cl3(x) 
- .2094E-02 






















N = 4 
X 
- . 75 
- . 50 





























N = 5 
X f (x) - R14 (x) f(x) -Tl4 (x) f (x) - cl4 (x) 
- .75 - .2808E-Ol - .6044E-Ol .1344E-OO 
- .50 - .9226E-03 - .1275E-Ol - .5012E-02 
- .25 - .7504E-05 .2313E-Ol - .1332E-02 
0.00 O.OOOOE-00 .l059E-Ol .6818E-Ol 
.25 - .3067E-05 - .lOOOE-01 - .2500E-02 
.50 - .1401E..;...03 - .8506E-02 .5419E-02 
.75 - .ll93E-02 .6406E-02 .4026E-02 
X f (x) - R23(x) f (x) - T23 (x) f (x) - c23 (x) 
- .75 .9245E-02 - .ll83E-Ol .8844E-04 
- .50 - .1894E-03 .1049E-03 - .1380E-03 
- .25 - .1085E-05 .1256E-02 - .1059E-04 
0.00 O.OOOOE-00 .1670E-03 .7134E-04 
.25 - .2613E-06 - .3281E-03 .9259E-05 
.50 - .9656E-05 - .1457E-03 - .3619E-04 
.75 - .6800E-04 .1367E-03 - .1718E-04 
X f (x) - R3 2 ( x) f (x) - T32(x) f (x) - c32 (x) 
- .75 - .8387E-02 - .1035E-01 - .3294E-03 
- .50 - .1647E-03 .1775E-03 - .1186E-03 
- .25 - .9130E-06 .9945E-03 - .8629E-05 
0.00 O.OOOOE-00 .ll21E-03 .5711E-04 
.25 - .2085E-06 - .2460E-03 .7304E-05 
.50 - .7528E-05 - .1012E-03 - .2800E-04 
.75 - .5188E-04 .9613E-04 - .llSOE-04 
71 
N = 5 
X f (x) - R41(x) f (x) - T42 (x) f(x) - c41 (x) 
- .75 - .1666E-01 - .2378E-Ol .9023E-02 
- .50 - .4388E-03 - .1435E-02 - .4034E-03 
- .25 - .3035E-05 .4176E-02 - .4352E-04 
0.00 O.OOOOE-00 .1108E-02 .3217E-03 
.25 - .9799E-06 - .1366E-02 .4500E-04 
.50 - .4084E-04 - .8825E-03 - .1952E-03 
.75 - .3207E-03 .7426E-03 - .1641E-03 
X f (x) - R50 (x} f(x) - T50(x) f (x) - c50 (x) 
- .75 - .8785E-01 - .2370E-00 - .3928E-01 
- .50 - .4605E-02 - .1945E-00 .3593E-03 
- .25 - .5186E-04 .1891E-00 .8607E-04 
0.00 O.OOOOE-00 .1709E-00 - .6666E-03 
.25 - .3353E-04 - .9999E-Ol - .9470E-04 
.50 - .1826E-02 - .1625E-00 .4554E-03 
.75 - .1811E-Ol .1086E-00 .7854E-03 
N = 6 
X 
- . 75 
- • 50 




































































































N = 6 
X f (x) - R4 2 (x) f (x) - T42(x) f (x) - c42 (x) 
- .75 - .3481E-02 - .3218E-02 .1021E-02 
- .50 - .3820E-04 .7936E-03 .1805E-03 
- .25 - .9454E-07 .3695E-04 .1458E-03 
0.00 O.OOOOE-00 - .1355E-03 .8609E-04 
.25 .1859E-07 - .8342E-05 .5397E-04 
.50 .1271E-05 .4329E-04 .4818E-04 
.75 .1255E-04 - .9913E-05 .4289E-04 
X f (x) - R5l(x) f (x) - T5l(x) f (x) - c5l( x ) 
- .75 - .8755E-02 - .1330E-01 - .9067E-Ol 
- .50 - .1412E-03 .3602E-02 - .6250E-02 
- .25 - .4660E-06 .8938E-03 - .4046E0-2 
0.00 O.OOOOE-00 - .1177E-02 - .2079E-02 
.25 .1425E-06 - .2980E-03 - .1171E-06 
.50 .1167E-04 .5829E-03 - .9681E-03 
.75 .1356E-03 - .9857E-04 - .8763E-03 
X f (x) - R6 0 (x) f(x) - T60 (x) f(x) - c60(x) 
- .75 - .5819E-01 - .3431E-00 - .1143E-Ol 
- .50 - .2001E-02 .9422E-Ol - .6793E-03 
- .25 - .lll7E-04 .1733E-00 - .5606E-03 
0.00 O.OOOOE-00 - .1178E-00 - .3675E-03 
.25 .7158E-05 - .1157E-00 - .2502E-03 
.50 .7776E-03 .1 2 62E- 00 - .2431E-03 
.75 .1154E-Ol .2610E- 02 - .2910E-03 
N = 7 
X 
.75 
- • 50 




































































































N = 7 
X 
- . 75 
- . 50 










































f (x) - R61 (x) 
- .4800E-02 
























































N = 8 
X f (x) - Rl7 (x) f (x) - Tl7 (x) f (x) - cl 7 ( x) 
- .75 - .6833E-07 .2111E-Ol - .8213E-03 
- .so - .6130E-04 .5262E-02 .3996E-04 
- .25 - .5997E-07 - .9977E-02 .2745E-04 
0.00 O.OOOOE-00 .6891E-02 .1783E-04 
.25 .2349E-07 - .6364E-05 .1214E-08 
.50 .8467E-05 - .3928E-02 .1139E-04 
.75 .2402E-03 .3965E-02 .7151E-05 
X f (x) - R26 (x) f (x) - T26(x) f(x) - c26(x) 
- .75 - .1095E-02 .9875E-03 - .1503E-02 
- .so - .4818E-05 - .9410E-04 .3380E-04 
- .25 - .2853E-08 - .6147E-04 .2323E-04 
0.00 O.OOOOE-00 .5484E-04 .1312E-04 
.25 .5469E-09 - .1274E-04 .7893E-05 
.50 .1496E-06 - .9445E-05 .6541E-05 
.75 .3340E-05 .1086E-04 .3537E-05 
X f (x) - R35 (x) f (x) - T35 (x) f(x) - c35(x) 
- .75 - .4233E-03 .3279E-03 .9723E-04 
- .50 - .1359E-05 - .3057E-04 - .6756E-05 
- .25 - .5566E-09 - .3195E-05 - .4099E-05 
0.00 O.OOOOE-00 .4784E-05 - .2242E-05 
.25 .6816E-10 - .1407E-05 - .1323E-05 
.50 .1553E-07 - .3377E-06 - .1088E-05 
.75 .2941E-06 .4920E-06 - .6867E-06 
N = 8 
X 
- • 75 
- . 50 




































































































N = 9 
X 
- • 7 5 
- . 50 











































f (x) - R45(x) 
- .1098E-03 






























f (x) - c27 (x) 
- .3343E-03 























N = 9 
X 
- . 75 
- . 50 




































































































N == 10 
X 
- • 75 
- • 50 

















- • 7 5 
- . 50 






































































N == 10 
X 
- . 75 
- . 50 






- . 75 
- . 50 










































































N = 11 
X 
- • 75 
- • 50 






- . 75 
- • 50 






- • 75 
- • 50 

































- .-7 6 0 9 E- 0 8 
- .1012E-07 
- .5466E-08 

























N = 11 
X 
- • 75 
- • 50 






- . 75 










































































N = 12 
X 
- • 75 
- • 50 






- • 75 
- . 50 






- • 75 
- . 50 






























































N = 12 
X 
- • 75 







- • 75 
- • 50 






- • 75 
- • 50 
























































Table 1 gives the coefficients of the Pade rational 
approximation Rmk(x) of f(x) =ex for N = 4,···,12 with vary-
ing m and k. The approximation has the form 
Table 2 gives the coefficients of the Pade rational 
approximation Rmk(x) of f(x) = log(l+x) for N=4,· ··,12 with 
varying m and k. 
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Table 1 
N = 4 
M = 0 K = 4 
A ( 0 ) = 1 . 00000000 B ( 0 } = 1 . 00000000 
E-3( 1) = -1 . 00000000 
B ( 2 ) = . 50000000 
8 ( 3 ) = - . 16666666 
8 ( 4 ) = . 04166666 
~.., = 1 K = 3 
A ( 0 ) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A ( lJ = . 25 0 00000 8 ( 1 ) = -. 7 5000000 
8 ( 2 ) = . 25000000 
8 ( 3 ) = -. 04 166666 
M = 2 K = 2 
A ( 0 ) = 1 . 00 000000 B ( 0 ) = 1 . 00000000 
A ( 1 ) = . 50000000 8 ( lJ = - . 49999999 
A ( 2 ) = . 08333333 8 ( 2 ) = . 08333333 
M = 3 K = 1 
A( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( l) = . 75000000 8 ( l) = - . 24999999 
A( 2 ) = . 25 000000 
A ( 3 ) = . 04 166666 
M = 4 K = 0 
A( 0 ) = 1 . 00000000 8 ( 0 ) = 1. 00000000 
A( l) = 1 . 00000000 
A( 2 ) = . 50000000 
A ( 3 ) = . 1666 6666 
A( 4 ) = . 04 166666 
88 
N = 5 
M = 0 K = 5 
A ( 0 ) = 1 . 00000000 B ( 0) = 1 . 00000000 
B ( 1 ) = -1. 00000000 
B ( 2 ) = . 50000000 
B( 3 ) = -.1 6666666 
B ( 4) = . 04166666 
B ( 5 ) = -.00 833333 
M = 1 K = 4 
A ( 0) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A( ll = . 2000 0 000 B ( ll = -.799 99999 
B ( 2) = . 29999999 
B ( 3 ) = - . 06666666 
B ( 4) = . 00833333 
M = 2 K = 3 
A( 0) = 1.00000000 B ( 0 ) = 1 . 00000000 
A( l) = . 40000000 B ( ll = -.59999999 
A( 2) = . 05000000 B( 2) = .1 4999999 
B ( 3) = - . 01666666 
M = 3 K = 2 
A( 0 ) = 1.00000000 B( 0 ) = 1 . 00000000 
A ( ll = . 60000000 B ( 1) = -.39999999 
A< 2 ) = .1 5000000 B ( 2) = . 04999999 
A ( 3) = . 01666666 
M = 4 K = 1 
A( 0) = 1.00000000 B< 0 ) = 1 . 00000000 
A( l) = . 80000000 B ( 1) = - . 19999999 
A( 2 ) = . 30000000 
A( 3) = . 06666666 
A( 4) = . 00833333 
M = 5 K = 0 
A( 0) = 1.00000000 B( 0) = 1 . 00000000 
A( 1) = 1.00000000 
A ( 2) = . 50000000 
A( 3) = .16666666 
A ( 4 ) = 
A ( 5 ) ::: 




N = 6 
M = 0 K = 6 
A ( 0 ) = 1 . 00000000 8 ( 0) = 1 . 00000000 
8 ( 1) = - 1 . 00000000 
8( 2 ) = . 50000000 
B ( 3 ) = - . 16666666 
8( 4) = . 04166666 
8( 5) = -. 00833333 
8( 6 ) = . 00138888 
M = 1 K = 5 
A ( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( 1) = . 16666666 B ( 1) = -. 83333333 
8 ( 2 ) = . 33333333 
8 ( 3 ) = - . 08333333 
8 ( 4) = . 01388888 
8 ( 5 ) = - . 00138888 
M = 2 K = 4 
A ( 0) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A( 1) = . 33333333 8( 1) = -. 66666666 
A ( 2) = . 03333333 8 ( 2) = . 19999999 
8 ( 3) = - . 03333333 
8 ( 4) = . 00277777 
M = 3 K = 3 
A( 0 ) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A ( 1 ) = . 50000000 8 ( 1) = - . 49999999 
A ( 2 ) = . 100 00000 8 ( 2 ) = . 09999999 
A( 3) = . 00833333 B ( 3 ) = - . 00833333 
M = 4 K = 2 
A( 0 ) = 1 . 00000000 8 ( 0) = 1 . 00000000 
A( 1) = . 66666666 8 ( 1) = - . 33333333 
A( 2) = . 20000000 8 ( 2 ) = . 03333333 
A ( 3 ) = . 03333333 
A ( 4) = . 00277777 
M = 5 K = 1 
A ( 0 ) = 1 . 00000000 8 ( 0) = 1 . 00000000 
91 
A ( 1 ) = . 83333 333 8 ( 1) = -.16666666 
A ( 2 ) = . 33333333 
A ( 3 ) = . 08333333 
A ( 4) = . 01388888 
A( 5 ) = . 00138888 
M = 6 K = 0 
A( 0) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A( l) = 1 . 00000000 
A( 2) = . 50000000 
A ( 3 ) = . 16666666 
A ( 4) = . 04166666 
A ( 5 ) = . 00833333 
A ( 6) = . 00138888 
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N = 7 
M = 0 K = 7 
A ( 0 ) = 1. 00000000 6 ( 0 ) = 1 . 00000000 
6 ( 1 ) = - 1 . 00000000 
6 ( 2 ) = . 50000000 
6 ( 3 ) = -.1 6666666 
6 ( 4 ) = . 04166666 
6 ( 5 ) = -. 008333 3 3 
6 ( 6 ) = . 00138888 
6 ( 7 ) = - . 00019841 
M = 1 K = 6 
A ( 0 ) = 1. 00000000 6 ( 0 ) = 1 . 00000000 
A ( 1) = . 142857 14 6 ( 1 ) = -. 85714285 
B ( 2 ) = . 35714285 
6 ( 3 ) = - . 09523809 
6 ( 4 ) = . 01785 7 14 
6 ( 5 ) = -. 00238095 
6 ( 6 ) = . 000 1 9841 
M = 2 K = 5 
A ( 0 ) = 1. 00000000 6 ( 0) = 1 . 00000000 
A ( 1) = . 285 71 428 6 ( 1 ) = -. 7 1428571 
A( 2 ) = . 023809 52 6 ( 2 ) = . 23809523 
B ( 3 ) = - . 04761904 
6 ( 4) = . 00595238 
6 ( 5) = - . 00039682 
M = 3 K = 4 
A ( 0 ) = 1 . 00000000 6 ( 0 ) = 1 . oooooooo 
A ( 1) = . 42857142 6 ( l) = - . 57142857 
A< 2 ) = . 07142857 6 ( 2 ) = . 14285 714 
A ( 3 ) = . 00476190 B ( 3 ) = - . 01904761 
6 ( 4 ) = . 00119047 
M = 4 K = 3 
A ( 0 ) = 1 . 00000000 6 ( 0 ) = 1 . 00000000 
A< l) = . 57142857 B( 1) = - . 42857142 A ( 2 ) = . 14285714 B ( 2 ) = . 07142857 A( 3 ) = . 0 1904761 B( 3 ) = - . 00476 1 90 A ( 4 ) = . 00 119 047 
93 
M = 5 K = 2 
A( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( l) = . 7142 85 71 8 ( l) = -.2 8571428 
A ( 2 ) = . 23809523 8 ( 2 ) = . 02380952 
A ( 3 ) = . 04761904 
A ( 4) = . 00595238 
A ( 5 ) = . 00039682 
M = 6 K = 1 
A ( 0) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A( l) = . 85714285 8 ( l) = -.142 85714 
A( 2 ) = . 35714285 
A ( 3) = . 09523809 
A( 4) = . 01785714 
A ( 5 ) = . 00238095 
A ( 6) = . 00019841 
94 
f\j = 8 
r-1 = 0 K = 8 
A ( 0 ) = 1. 00000000 B ( 0 ) = 1 . 00000000 
B ( 1) = -1. 00000000 
B ( 2 ) = . 50000000 
1:) ( 3 ) = -.1 6666666 
B ( 4 ) = . 04 1 66666 
B ( 5 ) = -. 00833333 
B ( 6 ) = . 00 1 38888 
B ( 7 ) = -. 000 1 9841 
B ( 8 ) = . 00002480 
M = 1 K = 7 
A ( 0 ) = 1.00000000 B ( 0 ) = 1. 00000000 
A ( 1) = . 12500000 B ( 1) = -. 8 7499 999 
B ( ~ ) = . 37499999 
B ( 3 ) = -.1 04 1 6666 
B ( 4) = . 02083333 
B ( 5 ) = -. 00312499 
B ( 6) = • 00034 722 
B ( 7) = -. 00002 4 80 
M = 2 K = 6 
A ( 0 ) = 1.00000000 B ( 0 ) = 1. 0000 00 00 
A ( 1 ) = . 24999999 B ( 1) = -.75000000 
A ( 2 ) = . 0 17 85 714 B ( 2 ) = . 26 7 857 14 
8 ( 3 ) = -. 05952380 
8 ( 4) = . 0089285 7 
B ( 5 ) = -. 00089285 
B ( 6 ) = . 00004960 
fvl = 3 K = 5 
A ( 0 ) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A ( 1) = . 3 7 500000 1:) ( 1) = -. 62499999 
A ( 2 ) = . 0535 7142 B ( 2 ) = .1 7857142 
A ( 3 } = . 0029 761 9 8 ( 3 ) = -. 02976 1 90 
8 ( 4 ) = . 0029 7 6 1 9 
B ( 5 ) = -.00 0 14 880 
M = 4 K = 4 
A ( 0} = 1.00000000 8 ( 0) = 1.00000000 
A( l) = . 50000000 8 ( 1) = -.4999 9999 
95 
A ( 2 ) = . 107142 85 B ( 2 ) ::: . 10714285 
A ( 3 ) = . 01190476 B { 3 ) ::: 
-. 01190476 
A ( 4) = . 00059523 B { 4) ::: . 00059523 
M = 5 K = 3 
A ( 0 ) = 1 . 00000000 B { 0 ) ::: 1 . 00000000 
A { 1) = . 62500000 B ( 1) ::: - . 37499999 
A { 2 ) = . 17 85 7142 B { 2 ) ::: . 05357142 
A( 3) = . 029 7 6190 8 { 3 ) ::: -. 00297619 
A { 4) = . 00297619 
A { 5) = . 00014880 
M = 6 K = 2 
A { 0) = 1 . 00000000 B { 0 ) ::: 1 . 00000000 
A{ 1) = . 75000000 B ( 1 ) ::: -. 24999999 
A { 2 ) = . 26 7 85 714 B { 2) ::: • 0 1785 714 
A( 3 ) = . 05952380 
A { 4) = . 00892857 
A( 5) = . 00089285 
A { 6) = . 00004960 
96 
N = 9 
M = 1 K = 8 
A ( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( l) = • 1 1 1 1 1 1 1 1 8 ( 1 ) = - . 88888888 
8 ( 2 ) = . 38888888 
8 ( 3) = -. 11111111 
8 ( 4) = . 02314814 
8( 5 ) = -. 00370370 
8 ( 6) = • 000462 96 
8( 7) = - . 00004409 
8 ( 8 ) = • 000 00 2 75 
M = 2 K = 7 
A( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( l) = . 22222222 8 ( 1) = - . 77777777 
A ( 2 ) = . 01388888 8 ( 2 ) = . 29 166666 
8 ( 3 ) = - . 06944444 
8 ( 4) = . 01157407 
8 ( 5) = - . 00 13 8888 
8 ( 6) = . 000 11574 
8 ( 7) = - . 0000055 1 
M = 3 K = 6 
A( 0 ) = 1 . 00000000 8( 0 ) = 1 . 00000000 
A ( l) = . 33333333 8 ( 1) = - . 66666666 
A( 2 ) = . 04166666 8 ( 2 ) = . 20833333 
A ( 3 ) = . 00 1984 1 2 8 ( 3 ) = - . 03968253 
8 ( 4) = . 00496031 
8 ( 5 ) = - . 00039682 
8 ( 6 ) = . 00001653 
M = 4 K = 5 
A ( 0 ) = 1 . 00000000 8 ( 0) = 1 . 00000000 
A( 1) = . 44444444 8 ( 1) = - . 55555555 
A ( 2 ) = . 08333333 8 ( 2 ) = . 1 3888888 
A ( 3 ) = . 00793650 8 ( 3 ) = - . 01984126 
A( 4) = . 00033068 8 ( 4) = . 00165343 
8 ( 5 ) :::;; - . 00006613 
M = 5 K = 4 
A( 0) = 1 . 00000000 8 ( 0) :::;; 1 . 00000000 
A( 1) = . 55555555 8 ( 1) :::;; - . 44444444 
97 
A ( 2 } = . 1 388888 8 B ( 2 } = . 08333333 
A ( 3 } = . 0 1984126 B ( 3 } = - . 00 7 93650 
A ( 4} = . 00165343 B ( 4} = . 00033068 
A ( 5} = . 00006613 
fvl = 6 K = 3 
A ( 0 } = 1 . 00000000 B ( 0} = 1 . 00000000 
A ( 1} = . 66666666 B ( 1} = - . 33333333 
A( 2 } = . 20833333 B ( 2 } = . 04166666 
A ( 3} = . 03968253 B ( 3} = - . 0019 8 412 
A ( 4} = . 0049603 1 
A ( 5 } = . 00039682 
A ( 6 ) = . 00001653 
M = 7 K = 2 
A( 0 ) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A ( 1} = . 77777777 B ( 1) = - . 22222222 
A ( 2) = . 29166666 B ( 2} = . 013 88888 
A ( 3) = . 06944444 
A( 4 ) = . 01157407 
A ( 5 ) = . 00138888 
A( 6 ) = . 00011574 
A( 7) = . 00000551 
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1\J = 10 
M = 1 K = 9 
A ( 0) = 1. 00000000 B ( 0 ) = 1.00000000 A( 1) = . 10000000 B( 1) = -. 89999999 
B ( 2 ) = . 39999999 
B( 3 ) = - . 11666666 
B ( 4) = . 02499999 
B ( 5 ) = - . 00416666 
B ( 6) = . 00055555 
B ( 7 ) = - . 00005952 
B ( 8 ) = . 00000496 
B( 9) = - . 00000027 
M = 2 K = 8 
A ( 0) = 1 . 00000000 B ( 0) = 1 . 00000000 
A ( 1) = . 199 99999 B( 1) = - . 80000000 
A ( 2 ) = . 01111111 B ( 2 ) = • 3 1 1 1 1 1 1 1 
B( 3 ) = - . 07777777 
B ( 4) = . 01388888 
B( 5 ) = - . 00185185 
B ( 6) = . 00018518 
B( 7) = - . 00001322 
B ( 8 ) = . 00000055 
M = 3 K = 7 
A ( 0 ) = 1 . 00000000 B ( 0 ) = 1.00000000 
A( 1) = . 30000000 B( 1) = - . 69999999 
A ( 2 ) = . 03333333 B ( 2 ) = . 23333333 
A( 3) = . 00138888 B( 3) = - . 048611 11 
B ( 4) = . 00694444 
B ( 5 ) = - . 00069444 
B ( 6 ) = . 00004629 
B ( 7) = - . 00000 1 65 
M = 4 K = 6 
A ( 0) = 1 . 00000000 B ( 0 ) = 1 . 000 0 0000 
A( 1) = .40000000 B< 1 ) = - . 59999999 
A ( 2) = . 06666666 B ( 2 ) = . 16666666 
A( 3) = . 00555555 B( 3) = - . 02 777777 
A( 4) = . 00019841 B ( 4) = . 00297619 
B( 5) = - . 00019841 
B( 6) = . 00000661 
M = 5 K = 5 
99 
A( 0 ) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A( 1) = . 49999999 B ( 1) = -.50000000 
A ( 2 ) = • 1 1 1 1 1 1 1 1 B ( 2 ) = • 1 1 1 1 1 1 1 1 
A ( 3 ) = . 01388888 B ( 3) = -.01388888 
A( 4) = . 00099206 B ( 4) = . 00099206 
A ( 5 ) = . 00003306 B ( 5 ) = - . 00003306 
M = 6 K = 4 
A( 0) = 1 . 00000000 B ( 0 ) = 1 . 00000000 
A ( 1 ) = . 60000000 B( l) = - . 39999999 
A ( 2 ) = . 16666666 B ( 2) = . 06666666 
A ( 3 ) = . 02777777 B ( 3) = -.00555555 
A( 4) = . 00297619 B( 4) = . 00019841 
A ( 5 ) = . 00019841 
A ( 6) = . 00000661 
M ::: 7 K = 3 
A ( 0 ) = 1 . 00000000 B ( 0 ) = 1.00000000 
A( 1 ) = . 70000000 B( 1) = -. 29999999 
A ( 2 ) = . 23333333 B ( 2 ) = . 03333333 
A ( 3 ) = . 04861111 B ( 3) = -. 00138888 
A( 4) = . 00694444 
A( 5) = . 00069444 
A ( 6 ) = . 00004629 
A( 7 ) = . 00000165 
1.ZZ543 
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N = 11 
M = 2 K = 9 
A( 0 ) = 1 . 00000000 B ( 0 ) = 1.00000000 
A ( l) = . 181 8 181 8 B ( l) = -. 8 1 8 18181 
A ( 2 ) = . 00909090 B ( 2 ) = . 32727272 
B ( 3) = -.08484848 
B ( 4) = . 01590909 
B ( 5) = -.00227272 
B ( 6) = .00025252 
B ( 7) = -. 00002164 
B( 8 ) = . 00000135 
B ( 9 ) = -. 00000005 
M = 3 K = 8 
A( 0) = 1.00000000 B ( 0 ) = 1 . 00000000 
A ( l) = . 27272727 8 ( 1 ) = -. 72 7 2 72 72 
A( 2) = . 02727272 8( 2 ) = . 25454545 
A ( 3) = . 00101010 8 ( 3) = -. 05656565 
8 ( 4) = . 0088383 8 
8 ( 5) = -.00101010 
8 ( 6) = . 00008417 
8 ( 7) = -.00000481 
8 ( 8 ) = . 00000015 
M = 4 K = 7 
A ( 0 ) = 1 . 00000000 B ( 0) = 1 . 00000000 
A< 1 ) = . 36363636 8 ( l) = -.63636363 
A ( 2 ) = . 05454545 8 ( 2) = . 19090909 
A( 3) = . 00404040 8 ( 3) = -.0353535 3 
A ( 4) = . 00012626 8 ( 4) = . 00441919 
8 ( 5 ) = -.0003787 8 
8 ( 6) = .0000 2104 
8 ( 7) = -.oooooo6o 
M = 5 K = 6 
A ( 0 ) = 1.00000000 8 ( 0) = 1.00000000 
A( l) = . 45454545 B ( l) = -.545454 54 
A ( 2 ) = . 09090909 B ( 2 ) = . 13636363 
A( 3) = . 01010101 8( 3) = - . 02020202 
A ( 4) = . 00063131 8 ( 4) = . 00189393 
A( 5) = . 00001803 8( 5 ) = -.00010822 8 ( 6) = . 00000300 
1 01 
M = 6 K = 5 
A( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( 1) = . 54545454 8 ( 1) = -. <'t5454545 
A( 2 ) = . 13636363 8 ( 2 ) = . 09090909 
A ( 3 ) = . 02020202 8 ( 3) = -. 010 10101 
A( 4 ) = . 00189393 8 ( 4) = · 00063 131 
A ( 5 ) = . 00010822 8 ( 5) = - . 00001803 
A( 6 ) = . 00000300 
M = 7 K = 4 
A ( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( 1) = . 63636363 8 ( 1 ) = -. 36363636 
A ( 2 ) = . 19090909 8 ( 2) = . 05454545 
A( 3 ) = . 03535353 8 ( 3) = - . 00404040 
A ( 4) = . 004419 19 8 ( 4) = . 000 12626 
A( 5 ) = . 00037878 
A ( 6 ) = . 00002 104 
A ( 7) = . 00000060 
M = 8 K = 3 
A ( 0) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A( l) = . 72727272 8 ( 1) = - . 2 72 72 72 7 
A ( 2) = . 25454545 8 ( 2 ) = • 02 72 72 72 
A( 3 ) = . 05656565 8 ( 3 ) = - . 00101010 
A ( 4) = . 00883838 
A ( 5 ) = . 00101010 
A( 6 ) = . 0000 8 417 
A ( 7) = . 00000481 
A( 8 ) = . 00000015 
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N = 12 
M = 2 K = 10 
A ( 0 ) = 1. 00000000 8 ( 0 ) = 1 . 00000000 
A ( 1) = . 16666666 8 ( 1 ) = - . 83333333 
A ( 2) = . 00757575 8 ( 2) = . 34090909 
8 ( 3) = -. 09090909 
8 ( 4 ) = • 01 76 76 76 
8 ( 5) = -. 00265151 
8 ( 6) = . 00031565 
8 ( 7) = -. 00003006 
8 ( 8 ) = . 00000225 
8 ( 9 ) = -. 00000012 
8 ( 10) = o . oooooooo 
M = 3 K = 9 
A ( 0 ) = 1.0000 0000 8 ( 0 ) = 1 . 00000000 
A ( 1) = . 24999999 8 ( l) = -.75000000 
A ( 2 ) = . 022 7 2 7 27 8 ( 2 ) = . 27272727 
A( 3 ) = . 000 7 5 7 57 8 ( 3 ) = -. 06363636 
8 ( 4) = . 01060606 
8 ( 5) = -. 00132575 
8 ( 6) = . 00012626 
8 ( 7) = -.00000901 
8 ( 8 ) = . 00000045 
8 ( 9 ) = -. 00000001 
M = 4 K = 8 
A ( 0) = 1.00000000 8 ( 0 ) = 1 . 00000000 
A( 1) = . 33333333 8 ( l) = -.666 66666 
A ( 2 ) = . 04545454 8 ( 2 ) = . 21212121 
A ( 3 ) = • 00 303030 8 ( 3) = -. 04242424 
A ( 4) = . 00008417 B ( 4) = . 00589225 
8 ( 5 ) = -. 00058922 
8 ( 6 ) = . 0000420 8 
8 ( 7) = -.00000200 
8 ( 8 ) = . 00000005 
M = 5 K = 7 
A( 0) = 1 . 00000000 8 ( 0) = 1 . 00000000 
A( l) = .416 66666 8( l) = -.5 8333333 
A( 2) = . 07575757 8 ( 2) = .1 5909090 
A( 3) = . 00757575 8( 3) = -. 02651515 
A ( 4) = .00 042087 B ( 4) = . 00294612 
A( 5 ) = .00001052 8( 5 ) = -.ooo22095 
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8 ( 6) = . 00001052 
8 ( 7) = - . 00000025 
M = 6 K = 6 
A ( 0) = 1 . 00000000 8 ( 0) = 1 . 00000000 A( 1) = . 50000000 8 ( 1) = - . 49999999 
A ( 2 ) = • 11363636 8 ( 2 ) = . 11 363636 
A ( 3) = . 01515151 8 ( 3) = - . 01515151 
A ( 4) = . 00126262 8 ( 4) = . 00126262 
A ( 5 ) = . 00006313 B ( 5 ) = - . 00006313 
A ( 6) = . 00000150 8 ( 6) = . 00000150 
M = 7 K = 5 
A ( 0 ) = 1 . 00000000 8 ( 0 ) = 1 . 00000000 
A ( 1) = . 58333333 8 ( 1) = - . 41666666 
A( 2) = . 1590909 0 8 ( 2 ) = . 0 7 5 7 575 7 
A ( 3) = . 02651515 8 ( 3 ) = - . 00757575 
A( 4) = . 002946 1 2 8 ( 4) = . 00042087 
A ( 5 ) = . 00022095 8 ( 5) = - . 00001052 
A( 6) = . 00001052 
A ( 7 ) = . 00000025 
M = 8 K = 4 
A( 0 ) = 1 . 00000000 8 ( 0) = 1 . 00000000 
A ( 1) = . 66666666 8 ( 1) = - . 33333333 
A ( 2) = . 21212121 8 ( 2 ) = . 04545454 
A ( 3 ) = . 04242424 8 ( 3) = - . 00303030 
A( 4 ) = . 00589225 8 ( 4) = . 00008417 
A ( 5) = 
A ( 6) = 
A ( 7) = 








N = 4 
M = 1 K = 3 
A ( 0) = o.oooooooo B( 0 ) = 1.00000000 A ( 1) = 1.00000000 B ( 1) = .50000000 
B ( 2) = -.08333333 
B ( 3) = .04166666 
M = 2 K = 2 
A ( 0) = o.oooooooo B ( 0) = 1.oooooooo 
A ( 1) = 1.00000000 B ( 1) = 1.00000000 A ( 2) = .50000000 B ( 2 ) = .16666666 
M = 3 K = 1 
A ( 0) = o.oooooooo B ( 0 ) = 1.00000000 
A ( 1) = 1.00000000 B ( 1 ) = • 75000000 
A ( 2 ) = .25000000 
A ( 3 ) = -.04166666 
M = 4 K = 0 
A( 0) = o.oooooooo B ( 0) = 1.00000000 
A( 1) = 1.00000000 
A ( 2) = -.5ooooooo 
A( 3) = ·33333333 
A( 4) = -.25000000 
1 06 
N = 5 
M = 1 K = 4 
A ( 0) = o.oooooooo B ( 0) = 1.000000 00 
A ( 1) = 1.00000000 B( 1 ) = .50 000000 
B ( 2 ) = -.08333333 
B( 3) = . 04166666 
B ( 4) = -.02638888 
M = 2 K = 3 
A( 0) = o.oooooooo B( 0 ) = 1.oooooooo 
A ( 1 ) = 1.00000000 B ( 1) = 1.13333333 
A( 2) = .63333333 B( 2 ) = . 23333333 
B ( 3) = -.01111111 
M = 3 K = 2 
A ( 0) = 0.00000000 B( 0 ) = 1.00000000 
A ( 1) = 1.00000000 B ( 1) = 1.19999999 
A( 2 ) = .69999999 B( 2 ) = . 29999999 
A ( 3) = .03333333 
M = 4 K = 1 
A( 0) = o.oooooooo B( 0) = 1.00000000 
A ( 1) = 1.00000000 B ( 1) = .80000000 
A( 2 ) = .30000000 
A( 3) = -.06666666 
A( 4) = . 01666666 
M = 5 K = 0 
A ( 0) = o.oooooooo B ( 0) = 1.00000000 
A( 1) = 1.00000000 
A ( 2) = -.50000000 
A( 3 ) = .33333333 
A ( 4) = -.25000000 
A( 5) = .20000000 
107 
N = 6 
M = 1 K = 5 
A ( 0) = o . oooooooo B( 0 ) = 1.00000000 
A ( ll = 1.00000000 B ( ll = . 50000000 
B( 2 ) = -.08333333 
B ( 3) = . 04166666 
B( 4) = - . o2638888 
B ( 5) = . 01874999 
M = 2 K = 4 
A( 0 ) = 0.00000000 B ( 0) = 1.oooooooo 
A ( ll = 1.00000000 B ( 1) = 1 . 21052631 
A( 2 ) = .710 52631 B( 2 ) = • 2 7192 982 
B ( 3) = -.01754385 
B ( 4) = . oo321637 
M = 3 K = 3 
A ( 0 ) = o.oooooooo B ( 0 ) = 1.00000000 
A ( 1) = 1.00000000 B( 1) = 1.49999999 
A ( 2 ) = .99999999 B ( 2 ) = . 59999999 
A( 3 ) = .18333333 B( 3) = . 04999999 
M = 4 K = 2 
A ( 0 ) = o.oooooooo B( 0 ) = 1.00000000 
A( ll = 1.00000000 B( 1) = 1.33333333 
A ( 2 ) = . 83333333 B( 2 ) = . 39999999 
A ( 3 ) = . 06666666 
A ( 4 ) = - . 00555555 
M = 5 K = 1 
A( 0) = 0 . 00000000 B ( 0) = 1.00000000 
A ( 1) = 1 . 00000000 B ( 1) = . 83333333 
A ( 2 ) = . 33333333 
A ( 3 ) = - . 08333333 
A( 4) = .0 2777777 
A( 5 ) = -.00833333 
M = 6 K = 0 
A( 0 ) = o . oooooooo B( 0) = 1 . 00000000 
A( 1) = 1.00000000 
A( 2 ) = -.50000000 
A( 3 ) = . 33333333 
A ( 4) == 
A ( 5) = 
A ( 6) = 





N = 7 
M = 1 K = 6 
A ( 0) ::: 0.00000000 B ( 0 ) = 1.oooooooo 
A ( l) ::: 1.00000000 B ( 1) = .50000000 
B( 2 ) = -.08333333 
B ( 3) ::: .04166666 
B ( 4) ::: 
-.02638888 
8 ( 5) ::: . 01874999 
8 ( 6) ::: 
-.o1426917 
M = 2 K = 5 
A( 0) ::: o.oooooooo 8 ( 0 ) ::: 1.00000000 
A( l) ::: 1.00000000 8 ( 1) ::: 1.26102292 
A ( 2) ::: .76102292 8 ( 2 ) ::: .29717813 
B( 3) ::: 
-.0217?1 91 
B ( 4) = .00?32039 
B( 5) ::: 
-.00133254 
M = 3 K = 4 
A ( 0) ::: o.oooooooo 8 ( 0 ) ::: 1.00000000 
A( l) :::: 1.00000000 8 ( 1) ::: 1.67?32467 
A ( 2 ) :::: 1. 17 5 32 46 7 8 ( 2) ::: .79870129 
A( 3 ) = · 29437229 8( 3) ::: · 09090909 
8 ( 4) ::: -.00194805 
M ::: 4 K = 3 
A( 0) = o.oooooooo B ( 0 ) ::: l . oooooooo 
A ( l) :::: 1.00000000 B ( 1 ) ::: 1.71428571 
A( 2) = 1.21428571 B ( 2 ) ::: . 85714285 
A ( 3) :::: .33333333 B( 3) ::: .1142 8571 
A( 4) = .00714285 
M :::: 5 K = 2 
A ( 0) = o.oooooooo 8 ( 0 ) :::: 1.00000000 
A( 1 ) :::: 1.00000000 8 ( 1) ::: 1.42857142 
A( 2) = .92857142 8( 2) ::: . 47619047 
A ( 3 ) = .09523809 
A ( 4) = -.01190476 
A( 5 ) = .00158730 
M :::: 6 K :::: 1 
A ( 0) = o . oooooooo 8 ( 0) :::: 1 . 00000000 
110 
A( 1) :::: 1.00000000 8 ( 1) :::: . 85 714285 
A ( 2) = . 35714285 
A ( 3 ) = -.09523809 
A ( 4) = . 03571428 
A( 5) = -.01428571 
A ( 6 ) = . 00476190 
111 
N = 8 
M = l K = 7 
A ( 0 ) = o.oooooooo B ( 0) ::: 1.00000000 
A ( 1 ) = 1.00000000 B ( 1 ) = .50000000 
B ( 2) = -.08333333 
8 ( 3) = .04166666 
B ( 4) = -.02638888 
B ( 5 ) = ·01874999 
B ( 6) = -.01426917 
B ( 7) = • 01136 73 9 
M = 2 K = 6 
A( 0) = o.oooooooo B ( 0) ::: 1.00000000 
A ( 1) = 1.00000000 BC 1) = 1.29663962 
A ( 2 ) = .79663962 B ( 2) = .31498648 
B( 3) = -.02471996 
B ( 4) ::: .00680442 
BC 5 ) = -.00227243 
B ( 6) ::: .00066781 
M = 3 K = 5 
A( 0) = o.oooooooo B( 0 ) = 1.00000000 
A ( 1) = 1.00000000 B ( 1) = 1.79779411 
A( 2) = 1.29779411 B( 2 ) = .94695378 
A( 3) = • 38139005 B ( 3) = .12421218 
BC 4) = -.oo409663 
B ( 5) = .00039390 
M = 4 K = 4 
A( 0) = o.oooooooo B ( 0 ) = 1.oooooooo 
A ( 1) = 1.00000000 B ( 1) = 1.99999999 
A ( 2) = 1.49999999 B ( 2 ) = 1.28571428 
A ( 3) = .61904761 B ( 3) = .28571428 
A ( 4) = .05952380 B( 4) = .01428571 
M = 5 K = 3 
AC 0 ) = o.oooooooo B ( 0) = 1.00000000 
A( 1) = 1.00000000 B( 1) = 1.87499999 
A ( 2) = 1.37499999 B ( 2) = 1.07142857 
A( 3) = .46726190 B( 3 ) = .17857142 
A ( 4) = .01785714 
A( 5) = -.00089285 
1 1 2 
M = 6 K = 2 
A ( 0) = 0 . 00000000 B ( 0 ) = 1.00000000 
A( l) = 1 . 00000000 B ( 1 ) = 1 . 50000000 
A ( 2 ) = 1 . 00000000 B ( 2) = • 535 71428 
A( 3 ) = . 11904761 
A ( 4) = - . 01785714 
A( 5) = . 00357142 
A ( 6) = -. 00059523 
113 
N = 9 
M = 1 K = 8 
A( 0) = o.oooooooo B ( 0 ) = 1.00000000 
A ( l) = 1.00000000 B( 1) = .50000 0 00 
B ( 2) = -.08333333 
B( 3 ) = . 04166666 
B ( 4) = -.02638888 
B( 5 ) = .01874999 
B ( 6) = -.01426917 
B ( 7) = . 01136739 
B ( 8) = -.00935653 
M = 2 K = 7 
A( 0) = 0.00000000 B ( 0 ) = 1.00000000 
A ( 1 ) = 1.00000000 8 ( 1) = 1.32310303 
A ( 2) ::: . 82310303 8( 2 ) = .32821818 
8 ( 3) = -.02692525 
B ( 4) = . 00790707 
B ( 5) = -.00297077 
B ( 6) = . 00116400 
8 ( 7) = -. 0003 7761 
M = 3 K ::: 6 
A ( 0) ::: 0.00000000 B ( 0 ) = 1.00000000 
A ( 1) ::: 1.00000000 8 ( 1) = 1.88854716 
A( 2 ) ::: 1·38854716 B( 2 ) = 1.06139545 
A ( 3 ) ::: ·45045520 8 ( 3) = .15118200 
B( 4) ::: -.oo6o7o69 
8 ( 5) = • 0008 76 75 
B ( 6) = -.ooo12093 
M = 4 K = 5 
A ( 0) ::: o.oooooooo 8 ( 0) = 1.00000000 
A ( 1) ::: 1.00000000 8( 1 ) = 2.19555555 
A( 2 ) ::: 1.69555555 8 ( 2) = 1.61333333 
A( 3 ) ::: . 84888888 8( 3) = • 441904 76 
A( 4) ::: .11708994 8 ( 4) = . 03206349 
8( 5) = -.00038095 
M = 5 K = 4 
A ( 0) ::: o.oooooooo B ( 0) = 1.00000000 
A( 1) = 1.00000000 8( 1 ) = 2.22222222 
A( 2) = 1.72222222 B( 2) = 1.66666666 A( 3) = .88888888 8( 3) = .47619047 
114 
A ( 4) = . 13359788 8 ( 4) = • 039682 53 A ( 5 ) = . 001587 30 
M = 6 K = 3 
A( 0 ) = 0 . 00000000 8 ( 0 ) = 1 . 00000000 
A( l) = 1 . 00000000 8( l) = 1 . 99999999 
A( 2 ) = 1 . 49999999 8 ( 2) = 1 . 24999999 A( 3) = . 58333333 8 ( 3 ) = . 23809523 
A ( 4 ) = . 02976190 
A ( 5 ) = - . 0023 8 095 
A ( 6 ) = . 00019841 
M = 7 K = 2 
A( 0 ) = o . oooooooo 8( 0) = 1 . 00000000 
A( l) = 1 . 00000000 8 ( 1) = 1 . 55555555 
A( 2 ) = 1 . 05555555 8( 2 ) = . 58333333 
A( 3 ) = . 13888888 
A( 4 ) = -. 023148 14 
A( 5 ) = . 00555555 
A ( 6 ) = - . 00138888 
A( 7 ) = . 00026455 
11 5 
N = 10 
M = 1 K = 9 
A ( 0) = o.oooooooo 8 ( 0) = 1.00000000 A ( 1) = 1.00000000 8( l) = .50000000 
8 ( 2 ) = -.08333333 
8( 3) = .04166666 
8 ( 4) = -.02638888 
8( 5) = .01 874999 
8 ( 6) = -.01426917 
8( 7) = .o1136739 
8 ( 8) = -.00935653 
8( 9) = ·00789255 
M = 2 K = 8 
A ( 0) = o.oooooooo 8 ( 0) = 1.00000000 
A( l) = 1.00000000 8 ( 1) = 1.34353370 
A ( 2) = .84353370 8( 2) = .33 843352 
8( 3) = -.02862780 
8 ( 4) = • 008 75 834 
8( 5) = -.00350991 
8 ( 6) = .00154707 
8( 7) = -.00066914 
8 ( 8) = .00023224 
M = 3 K = 7 
A( 0) = o.oooooooo 8( 0) = 1.oooooooo A( 1 ) = 1.00000000 8 ( 1) = 1.95856757 
A( 2 ) = 1.45856757 8 ( 2 ) = 1.15218668 A ( 3) = .50623623 8 ( 3) = .1 7323 748 
8( 4) = -.00780159 
8 ( 5) = .00135319 
8( 6) = -.00028004 
8 ( 7) = .00004676 
M = 4 K = 6 
A ( 0) = 0.00000000 8( 0 ) = 1.00000000 
A ( 1 ) = 1.00000000 8 ( 1) = 2.34523271 
A( 2 ) = 1.84523271 8( 2) = 1.88242205 
A( 3) = 1.04313902 8 ( 3) = .58364211 
A( 4) = .17417532 8( 4) = .05 065521 8 ( 5) = -.00099412 
8( 6) = .00005895 
M = 5 K = 5 
11 6 
A ( 0 ) = 0 . 00000000 B ( 0) = 1.00000000 A ( 1) = 1 . 00000000 B ( 1) = 2 . 5ooooooo 
A( 2 ) = 2 . 00000000 B ( 2) = 2 . 22222222 
A( 3) = 1.30555555 B ( 3 ) = . 83333333 
A ( 4 ) = • 30 55555 5 B ( 4) = .11 904761 A ( 5) = . 01812169 BC 5) = . 00396825 
M = 6 K = 4 
A ( 0 ) = 0.00000000 B ( 0) = 1.00000000 
A ( 1) = 1.00000000 B( 1) = 2 · 40000000 
A ( 2 ) = 1.90000000 B ( 2) = 2 . 00000000 
A ( 3 ) = 1.13333333 B( 3) = · 66666666 
A( 4) = . 21666666 B ( 4) = . 07142857 
A( 5) = .00476190 
A( 6) = -.00015873 
M = 7 K = 3 
A ( 0) = o.oooooooo B ( 0 ) = 1.oooooooo 
A( 1) = 1.00000000 B ( 1) = 2.09999999 
A ( 2) = 1. 59999999 B ( 2 ) = 1.39999999 
A ( 3) = .68333333 B ( 3) = .29166666 
A ( 4) = .04166666 
AC 5) = -.00416666 
A( 6) = .00055555 
A( 7) = -.00005952 
117 
N == 11 
M = 2 K = 9 
A ( 0) = 0.00000000 B C 0) :::: 1.00000000 
AC 1) = 1.00000000 B ( 1) = 1.35977871 A ( 2) = . 8597787 1 B ( 2 ) = .34655602 
B ( 3) = -.02998155 
B ( 4) 
== .00943522 
BC 5) == -.oo393860 
B ( 6) 
== 
.00185167 
B ( 7) == -.00090094 
B ( 8) 
== 
.00041690 
BC 9) = -.ooo15199 
M = 3 K == 8 
A ( 0) = 0.00000000 B C 0) == 1.00000000 
A( 1) = 1.00000000 BC 1) == 2. 0142 512 7 A ( 2 ) == 1.51425127 B ( 2) = 1.22586196 A( 3) = . 55206966 B( 3) = .19151389 
B ( 4) = -.00930089 
B( 5) = .00179349 
B ( 6) = -.00044547 
B( 7) = .00011157 
B ( 8) = -.00002102 
M = 4 K = 7 
A ( 0) = o.oooooooo B ( 0) = 1.00000000 A ( 1) = 1.00000000 B ( 1) = 2.46392056 
A( 2) = 1.96392056 B( 2) = 2.10656965 
A( 3) = 1.20794270 B ( 3) = .70961685 
AC 4) = .22763888 B( 4) = .06859868 
B ( 5) = -.00171464 
BC 6) = .00016301 
B ( 7) = -.00001435 
M = 5 K = 6 
A ( 0) = o.oooooooo B( 0) = 1.00000000 
A ( 1) = 1.00000000 B ( 1) = 2. 70736562 
A( 2) = 2.20736562 B( 2 ) = 2 .67750497 
A( 3) = 1.65715549 B ( 3) = 1.16788321 
A( 4) = .48158593 B( 4) = . 21068347 A ( 5) = .04240 212 B ( 5 ) = .0106171 2 
B ( 6) = -.00007899 
M = 6 K = 5 
11 8 
A ( 0 ) = 0.00000000 B ( 0 ) = 1. 0 0000000 A ( l) = 1.00000000 B( 1 ) = 2 .72727272 
A ( 2 ) = 2 . 22727272 B ( 2) = 2. 72727272 
A ( 3 ) = 1.69696969 B ( 3) = 1 . 21212121 
A ( 4) = .5075757 5 B ( 4) = • 22 72 72 72 
A ( 5 ) = . 04848484 B ( 5 ) = . 01298701 
A ( 6) = .000 36075 
M = 7 K = 4 
A ( 0) = o . oooooooo B ( 0 ) = 1.00000000 
A ( 1) = 1.00000000 B ( 1) = 2 . 54545454 
A ( 2 ) = 2 .04545454 B( 2 ) = 2 . 29090909 
A ( 3) = 1.35151515 B ( 3) = . 84848484 
A( 4) = ·30151515 B ( 4) = . lo6o6o6o 
A ( 5 ) = .00909090 
A( 6 ) = -.00050505 
A( 7) = .00002886 
M = 8 K = 3 
A( 0) = o.oooooooo B ( 0 ) = 1.00000000 
A ( 1) = 1.00000000 B ( 1) = 2.18181818 
A ( 2 ) = 1.68181818 B ( 2 ) = 1. 52 72 72 72 
A ( 3 ) = .76969696 B ( 3) = . 33939393 
A( 4) = .0530 3030 
A( 5 ) = - .00606060 
A( 6) = .00101010 
A ( 7) = -.000173 16 
A( 8 ) = .00002164 
1 1 9 
N = 12 
M = 2 K = 10 
A ( 0 ) = o . oooooooo B ( 0 ) = 1.00000000 
A( l) = 1. UOOOOOOO B ( l) = 1.37300138 
A ( 2 ) = . 87300138 B ( 2 ) = • 35 316 73 5 
B ( 3 ) = -. 03 1 08344 
B( 4) = . 009986 1 6 
B ( 5 ) = -.00428753 
B ( 6 ) = . 00209959 
B ( 7) = -.00108961 
B( 8 ) = . ooo5672 1 
B ( 9 ) = -.00027571 
B ( 10 ) = . 00010436 
M = 3 K = 9 
A ( 0 ) = o . oooooooo B ( 0 ) = 1.00000000 
A( l) = 1.00000000 B ( 1 ) = 2 · 05959745 
A ( 2 ) = 1.55959745 B ( 2 ) = 1. 28678608 
A ( 3 ) = . 59032068 B( 3 ) = . 20686055 
B ( 4) = -. 01059905 
B ( 5 ) = . 00219065 
B ( 6) = -. 00060463 
B ( 7 ) = . 00018 173 
B ( 8 ) = -.00005136 
B ( 9 ) = .oooo1o53 
M = 4 K = 8 
A ( 0 ) = 0.00000000 B ( 0 ) = 1.00000000 
A ( 1 ) = 1.00000000 B( 1 ) = 2 . 56045189 
A ( 2 ) = 2 . 06045 189 B ( 2 ) = 2 . 29563277 
A ( 3 ) = 1. 34874016 B( 3 ) = . 82083896 
A ( 4) = . 27650654 B ( 4 ) = .0 8532153 
B ( 5 ) = -.00246774 
B ( 6 ) = • 000 2 9364 
B ( 7 ) = -.00004138 
B ( 8 ) = . 00000451 
M = 5 K = 7 
A ( 0) = 0.00000000 B ( 0 ) = 1 . 00000000 
A ( 1) = 1.00000000 B ( l) = 2 . 87493479 
A( 2 ) = 2 . 37493479 B( 2 ) = 3 . 07049366 A ( 3 ) = 1.96635960 B ( 3 ) = 1 . 48331910 
A( 4) = . 65638386 B ( 4) = • 30 848390 
A( 5 ) = .071 58853 B ( 5 ) = .01910537 
B ( 6 ) = - .00024558 
B ( 7) = .00000987 
120 
M = 6 K = 6 
A ( 0 ) = 0 . 00000000 8( 0 ) = 1 . 00000000 A ( 1 ) = 1.00000000 8 ( 1) = 3.00000000 A ( 2 ) = 2.50000000 8( 2 ) = 3 . 40909090 A ( 3) = 2 . 24242424 8 ( 3) = 1.81818181 A ( 4) = . 86363636 B( 4) = . 45454545 
A ( 5 ) = .1 3181818 8 ( 5) = . 04545454 
A ( 6 ) = . 00530303 8( 6) = · 00108225 
M = 7 K = 5 
A ( 0 ) = 0 . 00000000 8 ( 0 ) = 1.00000000 
A ( 1) = 1.00000000 8( 1) = 2 . 91666666 
A ( 2) = 2 . 41666666 8 ( 2 ) = 3 .1 8181818 
A ( 3) = 2 . 05681818 8( 3) = 1.59090909 
A ( 4) = .7 2222222 8 ( 4) = . 35353535 
A( 5) = . 08952020 8( 5 ) = . o2651515 
A ( 6) = . 00126262 
A( 7) = -.00003006 
M = 8 K = 4 
AI 0) = o . oooooooo 8 ( 0 ) = 1.00000000 
A( 1) = 1.00000000 8( 1) = 2 . 66666666 
A( 2 ) = 2 . 16666666 8 ( 2 ) = 2 . 54545454 
A( 3) = 1.54545454 8( 3) = 1.01818181 
A ( 4) = . 38434343 8 ( 4) = .141 41414 
A ( 5) = . 01414141 
A ( 6) = -.oo 101010 
A( 7) = . 00009620 
A( 8 ) = -.00000721 
l 2 1 
APPENDIX III 
Table 1 gives the coefficients of the Chebyshev rational 
approximation Tmk(x) of f(x) =ex for N=4,···,12 with varying 
m and k. The approximation, which is calculated in the form 
m 
E c.T.(x) 
i = 0 1 1 
k 
E d.T.(x) 
. 0 1 1 1= 
where Ti(x) is the ith degree Chebyshev polynomial, has been 
transformed into a function of the form 
Table 2 gives the coefficients of the Chebyshev rational 
approximation Tmk(x) of f(x) = log(l+x) for N=4,···,12 with 
varying m and k. 
1 2 2 
Table 1 
N = 4 
1-1 = l K = 3 
A ( 0 ) = . 88768916 B ( 0) = . 88 7726 04 
A ( 1 ) = • 21918250 8 ( l) = -. 669063 17 
B ( 2 ) = . 22454791 
B ( 3 ) = -. 03607378 
M = 2 K = 2 
A ( 0 ) = .9612 8625 B ( 0 ) = . 96126616 
A( l) = . 48257144 B ( l) = -.4783062 6 
A ( 2) = .07943700 B ( 2) = . 07746766 
M = 3 K = 1 
A ( 0) = .99997855 B ( 0 ) = 1.00000000 
A( 1) = . 7566 8402 B ( l) ::: -. 24395132 
A ( 2 ) ::: . 25643201 
A ( 3 ) = . 04221320 
M = 4 K = 0 
A ( 0) = 1.00004477 B ( 0 ) = 1.00000000 
A ( 1) ::: . 99 730765 
A ( 2) = .49919675 
A ( 3) = . 17734739 
A ( 4) ::: . 04379392 
123 
N = 5 
M = 1 I< = 4 
A ( 0 ) = . 8665 7500 B ( 0 ) = . 8665680 7 
A ( l) = .171 88264 B ( 1) = -. 694 70339 
B ( 2 ) = • 2 6153 72 7 
B ( 3) = -. 0584 7292 
B ( 4 ) = . 007 1 0209 
M = 2 K = 3 
A ( 0) = . 93043215 B ( 0 ) = . 93043594 
A ( l) = . 3 7 215093 B( l) = -. 55827726 
A ( 2 ) = . 04613464 B ( 2 ) = .1 3912810 
B ( 3 ) = -.01512321 
M = 3 K = 2 
A ( 0 ) = . 97620055 B ( 0 ) = . 97619647 
A ( l) = . 58823063 B ( l) = -. 38797202 
A ( 2) = .14766134 B ( 2) = • 04 760704 
A ( 3) = . 01627146 
M = 4 K = 1 
A ( 0) = . 99999137 B ( 0 ) = 1 . 00000000 
A ( ll = . 80325 104 B( l) = -.1 9674031 
A ( 2 ) = • 30 341339 
A ( 3 ) = . 06836523 
A ( 4 ) = . 00847527 
M = 5 K = 0 
A ( 0 ) = 1 . 000044 77 B ( 0 ) = 1 . 00000000 
A ( 1 ) = 1.00002229 
A ( 2) = . 49919675 '-
A ( 3 ) = .1 6648887 A ( 4) = . 04379392 
A ( 5 ) = . 00868682 
124 
f\l == 6 
M = 1 K = 5 
A ( 0 ) = . 85292934 8 ( 0 ) = . 852929 1 8 
A ( 1) = . 14131372 8 ( 1) = -.711 6 126 8 
8 ( 2 ) = . 2 8515312 
8 ( 3) = -. 07152234 
8 ( 4) = . 01198468 
8 ( 5) = -. oo117o6o 
M == 2 K == 4 
A ( 0 ) = . 90817837 8 ( 0) = . 90817843 
A( 1 ) = . 30235881 8 ( 1) = -.60582 0 83 
A ( 2 ) = . 03005703 8 ( 2 ) = . 18178685 
8 ( 3) = -. 03023028 
8 ( 4) = . 00247503 
M = 3 K = 3 
A( 0 ) = . 95268380 8 ( 0 ) = . 95268376 
A( 1) = . 47720440 8 ( 1) = -.47547838 
A( 2 ) = . 09549482 B( 2 ) = . 09463246 
A ( 3 ) = . 00791084 8 ( 3) = -. 00777061 
M = 4 K = 2 
A ( 0 ) = . 98390982 B ( 0) = . 98390986 
A( 1) = . 65790670 B ( 1) = -. 32600454 
A( 2 ) = . 19813185 B( 2 ) = . o3218o27 
A ( 3 ) = . 03315213 
A ( 4) = . 00274636 
M = 5 K = 1 
A ( 0 ) = 1.00000006 8 ( 0 ) = 1 . 00000000 
A( 1) = . 83528187 B( 1) = - . 1647145 1 
A ( 2 ) = . 33528341 
A ( 3 ) = . 08433800 
A ( 4) = . 01422452 
A ( 5 ) = . 00141405 
M = 6 K = 0 
A ( 0 ) = . 99999980 B ( 0) = 1.00000000 
A( 1) = 1.0000 2229 
A ( 2) = . 50000634 
A( 3 ) = .16648887 
A ( 4 l = 
A ( 5 ) = 
A ( 6 ) = 
. 0 41 63 5 0 1 
. 00868682 
. oo 14 392 7 
125 
126 
f\j = 7 
r~ = 1 K = 6 
A ( 0 ) = . 84339248 B ( 0 ) = . 84339250 
A( 1 ) = .11994931 B ( 1) = -.72344311 
B ( 2 ) = • 301 74620 
B( 3) = -. 08059109 
B ( 4) = . 01515349 
B ( 5 ) = -.oo2o301 9 
B ( 6) = . 00016585 
1"1 = 2 K = 5 
A ( 0 ) = . 8 9172383 B{ 0 ) = . 89 1723 82 
A{ 1 ) = . 25439555 B { ll = -.63732829 
A ( 2 ) = . 02110529 B{ 2 ) = . 21257191 
B { 3) = -. 04252809 
B { 4) = . 00530724 
B ( 5 ) = -.00034863 
M = 3 K = 4 
A{ 0) = . 93306460 B { 0 ) = .93306461 
A ( l) = .40012773 B ( l) = -.53293686 
A( 2 ) = . 06664807 B ( 2) = .1 3305247 
A ( 3 ) = . 00442353 B { 3) = -. 0176 7144 
B( 4) = . 00109106 
M = 4 K = 3 
A ( 0) = . 96575560 B ( 0) = • 965 75559 
A ( 1 ) = . 55284978 B ( ll = - . 41290582 
A ( 2 ) = .1 3846061 B ( 2 ) = . 06 848880 
A ( 3 ) = . 01847732 B{ 3 ) = - . 00451769 
A ( 4) = .00114967 
M = 5 K = 2 
A ( 0 ) = . 98840668 B ( 0 ) = . 98840669 
A ( l) = . 70747905 B ( ll = - . 28 092762 
A( 2 ) = . 23646262 B( 2 ) = . 02318661 
A ( 3 ) = . 04745743 
A( 4) = . 00595424 
A ( 5 ) = . 00039519 
M = 6 K = 1 
A ( 0 ) = 1.00000002 B( 0 ) = 1.oooooooo 
127 
A ( 1) = . 858402 14 B ( l) = - . 14159788 
A ( 2) = . 35840122 
A ( 3 ) = . 09586735 
A{ 4) = . 01807140 
A { 5 ) = . 00243474 
A ( 6 ) = . 00020199 
128 
N = 8 
1\1 = 1 K = 7 
A ( 0 ) = . 83635330 8 ( 0) = . 83635330 
A ( 1) = . 10418017 B ( l) = -. 73217313 
B( 2 ) = . 31399645 
B ( 3) = -.08730199 
8 ( 4) = . ol 74 8 473 
B ( 5 ) = -. 00262925 
B ( 6 ) = . 00029341 
B ( 7) = -.00002060 
M = 2 K = 6 
A( 0) = . 87917326 B ( 0 ) = . 87917326 
A ( l) = . 2194828 7 B ( l) = -. 65969038 
A( 2 ) = . 01562472 8 ( 2 ) = • 2 35 72 848 
8 ( 3 ) = -.05241220 
8 ( 4 ) = . 007 8 6409 
8 ( 5 ) = -.00078529 
8 ( 6) = . 00004306 
M = 3 K = 5 
A( 0) = . 91710189 8 ( 0 ) = . 91710189 
A( l) = . 34385687 8 ( l) = -.57324501 
A ( 2 ) = . 04906286 8 ( 2 ) = • 163 75693 
A ( 3 ) = .00271549 8 ( 3) = -. 02 726922 
8 ( 4) = • 002 71903 
8 ( 5 ) = -. 00013461 
M = 4 K = 4 
A ( 0 ) = . 949 11901 8 ( 0) = . 9491190 1 
A( 1) = . 47512887 8 ( 1) = -.47399013 
A ( 2 ) = .10191490 8 ( 2 ) = .1 0134553 
A( 3 ) = . 01132529 8 ( 3) = -.01121169 A ( 4) = . 00056460 8 ( 4 ) = .00055524 
M = 5 K = 3 
A ( 0 ) = . 97407073 8 ( 0 ) = • 97407073 
A ( l) = . 60961362 8 ( 1) = -.36445710 A ( 2 ) = . 17443679 8 ( 2 ) = . 05185853 
A( 3 ) = .02911581 8 ( 3 ) = -. 00 2 85 926 
A( 4) = . 00291341 
A( 5 ) = .00014507 
1 29 
M = 6 K = 2 
A ( 0 ) = . 99125759 8 ( 0 ) = . 99125759 
A ( 1 ) = . 74459246 8 ( 1) = -. 24666513 
A( 2 ) = . 26644846 8( 2 ) = . 0174 8 480 
A ( 3 ) = . 05936188 
A ( 4 ) = . 00893397 
A ( 5 ) = . 00089674 
A ( 6 ) = . 00004967 
M = 7 K = 1 
A ( 0 ) = . 99999999 8 ( 0 ) = 1 . 00000000 
A ( 1 ) = . 87585059 8 ( l) = -. 12414941 
A ( 2 ) = . 37585059 
A ( 3 ) = . 104 59 17 9 
A ( 4 ) = . 0209 7 504 
A ( 5 ) = . 00316101 
A ( 6 ) = . 00035445 
A ( 7 ) = . 00002522 
130 
N = 9 
M = 2 K = 7 
A ( 0) = . 869 18 140 B ( 0 ) = . 869 1 8 140 
A( l) = .1925 77 47 B ( l) = -. 6 7660393 
A ( 2 ) = . 0 11 9 7 8 7 5 B< 2 ) = . 25399 19 9 
B ( 3) = -.06055359 
B( 4) = . 0 1010903 
B ( 5) = -. 00 1 2 1557 
B( 6 ) = . 000 1 0 14 8 
B ( 7) = -. 00000480 
M = 3 K = 6 
A ( 0) = . 90450851 B ( 0 ) = . 9045085 1 
A ( l) = • 30 256 11 9 B ( l) = -. 60194732 
A( 2) = . 03796045 B< 2 ) = .1 8 765352 
A ( 3 ) = . 00181387 B( 3) = -.03561740 
B ( 4) = • 00442 734 
B ( 5) = -. 00035066 
B( 6) = . 0000 1429 
M = 4 K = 5 
A ( 0 ) = .933949 54 B ( 0 ) = • 933 94954 
A ( 1) = .412933 20 B ( l) = -.52101634 
A ( 2) = . 07687400 B( 2) = .1 3091557 
A( 3 ) = . 00724603 B( 3 ) = -. 01881963 
A ( 4) = . 00029709 B ( 4) = .00158043 
BC 5) = -.00006 3 7 8 
M = 5 K = 4 
A ( 0 ) = . 96062351 B ( 0) = . 96062351 
A ( 1) = . 537 1 3582 B( l) = -.42348 769 
A ( 2 ) = .1 3535260 B ( 2 ) = . 0 7852854 
A ( 3 ) = .0195 2797 B ( 3) = -. 00736063 
A ( 4) = . 0016475 7 B ( 4) = . 00029923 
A( 5 ) = . 00006689 
M = 6 K = 3 
A ( 0) = .97941 665 B ( 0 ) = . 97941665 
AC l) = .6 5159841 B ( 1) = -.32781824 
A ( 2 ) = .20305 676 B ( 2 ) = . 04116668 
A ( 3 ) = .03852377 B( 3) = -. 0019698 9 
A ( 4) = .0047 8609 
A( 5) = .00037887 
A( 6) = .00001545 
l 31 
M = 7 K = 2 
A ( 0 ) = . 99323036 B ( 0 ) == . 99323036 
A ( 1) = . 77421159 B ( 1) == - . 21901877 
A ( 2 ) = . 29113567 B ( 2 ) == . 01353926 
A ( 3 ) = . 06956826 
A ( 4) = . 01165110 
A ( 5 ) = . 00140768 
A ( 6 ) = . ooo 11 8 44 
A ( 7) = . 00000569 
132 
f\1 = 10 
M = 2 K = 8 
A( 0 ) = . 86383924 B ( 0 ) = . 86383924 
A ( 1 ) = .17 853335 B( 1) = -. 68530589 
A ( 2 ) = . 01030430 B ( 2 ) = . 26369057 
B( 3) = -. 06501083 
B ( 4 ) = . 0 113 8989 
B( 5) = -.00147715 
B ( 6) = . 0001 4134 
B( 7) = -. 00000929 
B ( 8 ) = . 00000031 
M = 3 K = 7 
A( 0 ) = . 88467960 B ( 0 ) = . 8846 7960 
A ( 1) = . 24082792 B ( 1) = -. 64385167 
A ( 2) = .0 233 77 07 B( 2 ) = . 22 488894 A ( 3 ) = .00079 5 75 B ( 3 ) = -. 04961395 
B( 4 ) = . 00761644 
B ( 5) = -. 000836 13 
B ( 6) = . 00006323 
B ( 7) = -. 00000269 
M = 4 K = 6 
A ( 0) = . 94232 3 85 B ( 0 ) = . 94232385 
A ( 1) = ·44432780 B ( 1) = -. 49799605 
A ( 2) = .0 8 794271 8 ( 2) = .114776 83 
A ( 3) = . 008 7 9117 B ( 3) = -. 0 14 04 161 
A ( 4) = .0003 8160 B( 4) = . ooo77064 
B ( 5) = . 00001782 
B( 6 ) = -. 00000406 
M = 5 K = 5 
A ( 0 ) = .9270760 6 B ( 0 ) = • 92707606 A{ 1) = . 38092805 B{ 1) = -.54614800 
A ( 2 ) = .0 6 180495 B{ 2 ) = .1444 1493 
A( 3) = .00408116 B( 3 ) = -. 0217 7244 A ( 4) = -.00005089 B ( 4) = . 00191057 
A ( 5 ) = -. 00001723 B! 5 ) = -. 00008021 
M = 6 K = 4 
A ( 0) = .98612188 8 { 0 ) = . 986 12188 A( 1 ) = .6924 3 764 B! 1) = -.29368424 A ( 2) = .22721300 B{ 2) = .02783630 A{ 3) = .04530130 B{ 3) = -.00004653 
133 
A ( 4) = . 00590589 g ( 4 ) = -. 00010676 
A ( 5 ) = . 00049019 
A ( 6 ) = . 00002096 
M = 7 K = 3 
A ( 0) = . 97754850 B ( 0 ) = . 97754850 
A ( 1) = . 63501634 B ( 1) = -.34253216 
A ( 2 ) = . 19114507 B ( 2 ) = . 04490298 
A( 3 ) = . 03432534 B ( 3) = -. 00223630 
A ( 4) = . 00385 7 67 
A ( 5) = . 00023974 
A ( 6 ) = . 00000152 
A ( 7) = -.00000076 
M = 8 K = 2 
A ( 0) = . 99565664 B ( 0 ) = . 99565664 
A ( 1) = . 8 1547957 B ( 1) = -. 18017706 
A( 2) = . 32633797 B ( 2 ) = . 00868671 
A ( 3 ) = . 08454096 
A ( 4) = . 01579953 
A( 5 ) = . 00223755 
A ( 6 ) = . 00024333 
A ( 7) = . 00001968 
A( 8 ) = . 00000099 
1 34 
N = ll 
M = 3 K = 8 
A( 0 ) = 3 . 19269001 B ( 0 ) = 3 . 19269001 
A ( l) = 7.1 39 77 586 B ( l) = 3 . 94708585 
A ( 2 ) = 1. 47 11 4890 B ( 2 ) = - 4 . 07228195 
A( 3 ) = . 08892354 B ( 3 ) = 1.65554755 
8 ( 4) = -. 4102 8296 
8 ( 5) = . 07015524 
8 ( 6 ) = -. 00858659 
8 ( 7) = . 000 72835 
8 ( 8 ) = -.00003513 
M = 4 K = 7 
A ( 0 ) = . 75233675 8 ( 0 ) = • 75233675 
A ( 1 ) = -. 2263 7 824 8 ( 1) = -. 9787 1 500 
A ( 2 ) = -.1 2485627 8 ( 2 ) = . 47769034 
A( 3 ) = -. 0 1756057 8 ( 3) = -.1 3 12 8287 
A ( 4) = -. 00087611 8 ( 4) = . 02333339 
8 ( 5 ) = -. 00279669 
8 ( 6) = . 000217 75 
8 ( 7) = -. 00000889 
M = 5 K = 6 
A ( 0) = . 6697 11 29 B ( 0 ) = . 66971129 
A( 1) = -. 68918517 8 ( l) = -1. 35889646 
A ( 2 ) = -. 37936973 8 ( 2 ) = . 64467107 
A( 3 ) = -.0754 1834 8 ( 3 ) = -.15225973 
A ( 4) = - . 00735106 8 ( 4 ) = . 02115123 
A ( 5 ) = -. 000308 16 8 ( 5 ) = -.00173496 
8 ( 6 ) = . 00006865 
M = 6 K = 5 
A( 0) = . 8 177 2999 8 ( 0 ) = • 8 1772 999 
A( l) = -.19595 191 8 ( 1) = -1.01 36819 1 
A ( 2 ) = -. 24451 175 8 ( 2) = . 36030515 
A ( 3 ) = -.0722 53 79 8 ( 3 ) = -.06200633 
A ( 4) = -. 01108219 8 ( 4 ) = . oo564646 
A ( 5 ) = - . 00095693 8 ( 5 ) = -. 000228 76 
A ( 6 ) = -. 00003882 
M = 7 K = 4 
A ( 0) = .7 8433393 8 ( 0) = .7 843 3393 
A( 1) = -.6590633 0 8 ( 1) = -1. 44339723 
A ( 2 ) = -.62170273 8 ( 2 ) = . 42952753 
135 
A( 3 ) = -. 2 1303507 B ( 3 ) = -. 0515863 1 
A ( 4 ) = -. 04230204 B ( 4 ) = . 002406 1 2 
A ( 5 ) = -. 00540453 
A ( 6 ) = -. 00043663 
A( 7) = -. 00001811 
M = 8 K = 3 
A ( 0 ) = . 92852956 B ( 0) = . 92852956 
A ( 1 ) = .146500 0 6 B ( l) = -. 7 8202950 
A ( 2 ) = -.1748238 4 B ( 2 ) = .1 429408 7 
A ( 3 ) = -.10 160895 B ( 3 ) = -. oos29ooo 
A ( 4) = -.0 2846909 
A( 5) = -. 005 1683 4 
A ( 6 ) = -. 00065308 
A ( 7) = -. 000056 1 5 
A ( 8 ) = -. 00000269 
1 3 6 
1\J = 12 
M = 3 K = 9 
A ( 0 ) = . 63 74 9970 8 ( 0 ) = . 63749970 
A ( 1 ) = -. 47486077 8 ( l) = -1.11 236047 
A ( 2 ) = -.111 66698 8 ( 2) = . 68194364 
A ( 3) = -. 00647313 8 ( 3 ) = -. 23848648 
B ( 4) = . 05634559 
B ( 5 ) = -. 009723 76 
B ( 6) = . 00126865 
B ( 7) = -. 00012517 
8 ( 8 ) = . 00000887 
8 ( 9 ) = -. 00000036 
M = 4 K = 8 
A( 0 ) = . 6671845 8 8 ( 0 ) = . 66718458 
A( 1 ) = -.48340825 8 ( l) = -1.1 5059283 
A ( 2 ) = -.1 805 462 9 8 ( 2 ) = . 63645425 
A( 3 ) = -.0212761 6 8 ( 3 ) = -.1 9363142 
A ( 4) = -. 00090668 B ( 4) = . 03846373 
B ( 5 ) = -. 00534223 
B ( 6 ) = . 00052497 
8 ( 7) = -.0000346 1 
8 ( 8 ) = . 00000122 
M = 5 K = 7 
A( 0 ) = .71661 304 8 ( 0 ) = .71 66 1304 
A( 1) = -.42647614 8 ( l) = -1.1 43089 1 8 
A ( 2 ) = -. 23489699 8 ( 2 ) = . 54988566 
A ( 3 ) = -.04257579 B ( 3 ) = -.1 4035237 
A ( 4 ) = -. 00367560 8 ( 4) = . 02238992 
A ( 5 ) = -.00013323 8 ( 5) = -. 00233 764 
B ( 6 ) = . 00015329 
8 ( 7) = -. 00000504 
M = 6 K = 6 
A( 0) = .7 5990131 8 ( 0 ) = • 75 990 131 
A ( 1) = -. 38865073 8 ( 1) = -1.14 85520 5 
A ( 2) = -. 29 71 98 7 4 8 ( 2 ) = . 47140265 
A ( 3 ) = -.07349013 B ( 3) = -.0 9726698 
A ( 4 ) = -.00962449 8 ( 4) = . 01170394 
A ( 5 ) = -.00070347 8 ( 5) = -. 00081721 
A( 6) = -.00002365 8 ( 6 ) = . 00002682 
M = 7 K = 5 
1 3 7 
A ( 0 ) = . 80868 312 B ( 0 ) = . 808683 1 2 
A ( l) = -.32140714 B ( 1 ) = -1.1 3009026 
A ( 2) = -. 34669145 B ( 2 ) = .37905725 
A ( 3 ) = -.1 1039094 8 ( 3 ) = -. 05918358 
A ( 4 ) = -. 01953953 B ( 4 ) = • 004 76 866 
A ( 5 ) = - . 002161 77 8 ( 5 ) = -. 0001667 9 
A ( 6 ) = -. 00014658 
A ( 7 ) = -. 00000490 
M = 8 K = 4 
A ( 0 ) = . 85427932 8 ( 0 ) = • 8 54 2 7 932 
A ( l) = - . 26830633 8 ( l) = -1.1 2258565 
A ( 2 ) = -. 40493388 8 ( 2 ) = . 29051210 
A( 3) = -.15 898528 8 ( 3 ) = -. o3o58445 
A ( 4 ) = -. 03559205 8 ( 4) = . 00123898 
A ( 5 ) = -. 0052 8996 
A ( 6 ) = -.00 054162 
A ( 7) = -.00003656 
A ( 8 ) = -.00000130 
M = 9 K = 3 
A ( 0 ) = . 90540663 8 ( 0 ) = . 90540663 
A ( 1) = -.1634101 6 8 ( l) = -1 . 06881679 
A ( 2 ) = - . 42692674 8 ( 2 ) = . 189186 7 3 
A ( 3 ) = - . 20 437495 8 ( 3 ) = - . 0 1005439 
A ( 4) = -. 05587188 
A ( 5 ) = -.01048505 
A ( 6 ) = -.00144225 
A ( 7) = -.000147 20 
A ( 8 ) = - . 00001063 
A ( 9 ) = - . 00000044 
138 
Table 2 
f\1 = 4 
1"1 = l 1\ = 3 
A ( 0 ) = -.02114900 B ! 0 ) = 1 . 1252 89 00 
A ( 1 ) = 1.07125897 B ( 1) = . 31240558 
8 ( 2) = - . 25057800 
8 ( 3) = . 35076810 
~~ = 2 K = 2 
A ( 0 ) = - . 00185392 B ( 0 ) = . 86322208 
A ( 1) = . 86148457 B ( l) = 1 . 10592890 
A ( 2 ) = . 69384297 8 ( 2) = • 2 73 5 55 82 
M = 3 K = 1 
A ( 0 ) = - . 00526829 B ( 0 ) = 1 . 00000000 
A ( 1 ) = . 99084889 B ( 1) = . 93 1 87473 
A( 2) = . 49097640 
A ( 3 ) = - . 14093103 
M = 4 K = 0 
A( 0 ) = - . 17096850 B ( 0 ) = 1. 00000000 
A( 1) = . 08839461 
A( 2 ) = 1.73420536 
A ( 3 ) = 2 . 49010882 
A( 4 ) = -3 . 64607117 
139 
i'J = 5 
M = 1 K = 4 
A { 0 ) = -.01064545 B { 0 ) = 1.00483921 
A { 1 ) = 1.09797996 B { 1) = . 41216369 
B { 2 ) = . 34465598 
B { 3) = . 26304299 
B { 4) 
== -.47244589 
M = 2 K = 3 
A ( 0) = - . 00014027 B ( 0 ) = . 83994714 
A { 1) = . 84285388 B ( 1) = 1.17640407 
A ( 2 ) = . 75546523 B ( 2) = .32010571 
B { 3 ) = -. 03115276 
M = 3 K = 2 
A ( 0) = -.00008889 B { 0 ) = • 79251596 
A ( 1) = • 7 9461084 B ( 1) = 1.19590464 
A ( 2) = .7 9871303 B ( 2 ) == • 41496 806 
A ( 3 ) = . 07285304 
M = 4 K = 1 
A ( 0) = -.00110809 B { 0 ) = 1.00000000 
A ( 1) = 1.01350659 B ( 1) = .955271 09 
A( 2 ) = . 45976294 
A ( 3 ) = - . 20698793 
A( 4) = . 09154105 
M = 5 K = 0 
A ( 0) = -.17096850 B ( 0) = 1 . 00000000 
A ( 1 ) = 1.86653281 
A ( 2) = 1.73420536 
A ( 3) = -4 . 62244400 
A( 4) = -3.646 0711 7 
A ( 5 ) = 5 . 69004225 
f\J = 6 140 
M = 1 K = 5 
A ( 0 ) = . 01157020 B ( 0 ) = 1.035 8 4125 
A ( 1 ) = 1.07599510 B( 1) = . 7 8 710 868 
B ( 2 ) = • 17193225 
B ( 3) = -. 74952694 
B ( 4) = -. 324 8 1968 
B ( 5 ) = . 66039352 
M = 2 K = 4 
A ( 0 ) = .00019718 B ( 0 ) = . 83465030 
A ( 1) = . 83465845 B( 1 ) = 1 . 20095383 
A ( 2) = .7797 3310 B ( 2) = . 31931708 
B ( 3 ) = -.040 60323 
B ( 4) = . 01517641 
M = 3 K = 3 
A ( 0) = . 00004687 B ( 0 ) = . 66715766 
A ( 1) = .66710683 B ( 1) = 1.24744372 
A ( 2) = . 91301486 B ( 2 ) = .66568466 
A ( 3) = . 26540009 B ( 3) = . 08233523 
M = 4 K = 2 
A ( 0) = . 00010214 B( 0 ) = .75362310 
A ( 1) = .7535 7 886 B ( 1) = 1.24101138 
A ( 2 ) = . 86 224919 B ( 2 ) = .49275378 
A ( 3 ) = .1 2530920 
A ( 4) = -.01715936 
M = 5 K = 1 
A ( 0) = . 00117 7 53 B ( 0 ) = 1 . 00000000 
A ( 1) = 1.00202831 B( 1) = . 96812519 
A ( 2 ) = .44 261410 
A ( 3) = -.14757372 
A ( 4) = .14183421 
A ( 5) = -. 07656498 
M = 6 K = 0 
A ( 0 ) = .11783117 B ( 0) = 1.00000000 
A ( 1) = 1.86653281 
A ( 2 ) = -3.4641 88 73 
A( 3) = -4.62244400 
A ( 4 ) = 
A ( 5 ) = 
A ( 6 ) = 
10 . 21631309 
5 . 69004225 
- 9 . 24158951 
1 41 
142 
1\! = 7 
r"1 = 1 K ::: 6 
A ( 0 ) = . 00575382 8 ( 0) = 1.1 3340') 76 
A ( 1 ) = 1.06134907 8 ( 1 ) = . 6 7193 ~ 74 
B ( 2 ) = -. 730395?3 
8 ( 3 ) :::: -. 453b9002 
B ( 4) = 1.45 6!4202 
8 ( 5 ) = . 45847~66 
8 ( 6) = -l. 005b4~62 
M = 2 K ::: 5 
A ( 0 ) = . 0000095 7 B ( 0 ) :::: . 83 1 33 !3"? 
A ( 1) = . 83067 72 5 B ( 1) :::: 1 . 20 77 807') 
A ( 2 ) = .7 9259591 8 ( 2 ) :::: . 32174~40 
8 ( 3) :::: -. 02890~?3 
8 ( 4 ) :::: · 020785!3 
8 ( 5 ) = -. 0 10 89~ !2 
M = 3 K ::: 4 
A ( 0) = -. 00000131 8 ( 0 ) :::: . 6134?096 
A ( 1) = . 6 1338122 8 ( 1) :::: 1 . 262350 75 
A ( 2) = . 955 7 5180 8 ( 2) :::: .77614(8 1. 
A ( 3 ) = . 35050092 8 ( 3) :::: . 121155?') 
8 ( 4) :::: -. 00486()33 
M = 4 K ::: 3 
A ( 0 ) = -. 00000125 8 ( 0 ) :::: . 59185')03 
A ( 1) = . 5918024 7 8 ( 1 ) :::: 1 . 25304533 
A ( 2 ) = . 95722426 8 ( 2 ) :::: . 8 16 26 1.92 
A ( 3 ) = . 38739856 8 ( 3 ) :::: .1 5403(06 
A ( 4 ) = . 01494326 
M = 5 K = 2 
A ( 0 ) = . 00000036 8( 0) :::: .73030:3!6 
A ( 1) = .7 3006274 8 ( 1) ::: 1. 2 66 8404 ( 
A ( 2) = . 90196828 8( 2) :::: . 53939:36( 
A ( 3 ) = .1511 3798 
A ( 4) = -.03220834 
A ( 5 ) = . 00724699 
M = 6 K = 1 
A( 0) = .00023381 8 ( 0 ) :::: 1.oooooooo 
143 
A ( 1 ) = .99503452 B ( 1) :: .975 95 726 
A ( 2 ) = .47421989 
A ( 3 ) = -.11137231 
A ( 4) = . 06033231 
A ( 5 ) = - . 12321647 
A ( 6) = .07476387 
144 
N = 8 
r-1 = 1 K = 7 
A { 0 ) :::: 
-. 00 7 63489 8 { 0 ) = 1 . 10782470 
A { l) :::: 1 . 07383715 B { l) = . 25824588 
8{ 2 ) :::: 
- . 4 76952 84 
B { 3) = 1.62731430 
B { 4) = .94074691 
B { 5) = - 2 . 84104165 
8{ 6) = - . 71081080 
B { 7 ) = 1 . 64056119 
M = 2 K = 6 
A{ 0 ) ::::: -. 00004543 B ( 0 ) = . 82843863 
A{ 1 ) :::: . 82846832 B ( l) = 1 . 21291207 
A { 2 ) ::::: . 80018589 B ( 2) = . 33182384 
B{ 3 ) = - . 02484077 
B { 4 ) = . 00704000 
B ( 5 ) = - . 01538885 
B{ 6 ) = . 00963020 
M = 3 K = 5 
A ( 0 ) = - . 00000279 B{ 0 ) :::: . 58393958 
A( 1 ) = . 58394899 B{ l) = 1 . 26974212 
A { 2 ) = . 97785087 B ( 2 ) = • 8383 7640 
A ( 3 ) = . 397 9 7 543 B{ 3 ) = . 14216269 
B ( 4 ) = -. 00834076 
B( 5 ) = • 00 14 755 8 
M = 4 K = 4 
A { 0 ) = -. 00000096 B ( 0) = . 49208087 
A { l) = . 49208520 B{ l) = 1 . 21004419 
A ( 2 ) = . 96402862 B ( 2 ) = • 99897243 
A( 3 ) = . 55790574 B{ 3) = . 30321254 
A { 4 ) = . 08399740 B ( 4) = . 02248775 
M = 5 K = 3 
A( 0 ) = - . 00000181 8{ 0 ) = . 54408875 
A( l) = . 54409563 B ( l) = 1 . 24828531 
A{ 2 ) = . 97629039 B{ 2 ) = . 91182248 
A { 3 ) = . 46892051 B { 3 ) = . 20718771 
A( 4 ) = . 03121297 
A{ 5 ) = - . 00250058 
145 
r-1 :::: 6 K = 2 
A ( 0 ) ::: 
-.0 0001261 B ( 0 ) ::: .71 531013 
A ( l) ::: . 71533240 8 ( l) = 1 . 28301128 
A ( 2 ) ::: . 92574772 B ( 2 ) ::: . 56937972 
A ( 3) ::: . 16573148 
A ( 4) ::: -.0 3735287 
A ( 5 ) ::: . 01449973 
A ( 6 ) ::: -. 00415628 
M :::: 7 K = 1 
A ( 0) = -. 00038464 B ( 0 ) ::: 1.00000000 
A( l) = . 99932298 B ( l) ::: . 98108999 
A ( 2 ) = . 49493268 
A ( 3) = - . 15862234 
A ( 4) :::: . 00692019 
A ( 5 ) = -.011 84030 
A ( 6) = . 12376025 
A ( 7 ) = -. 081 11379 
146 
N ::: 9 
r'-1 ::: 2 K ::: 7 
A( 0) = -. 00000049 8 ( 0 ) ::: . 826784 13 
A ( l) 
== . 82 7015 26 8 ( l) ::: 1 . 2 1 856554 
A ( 2 ) = . 80492454 8 ( 2) = . 33661336 
8 ( 3) ::: - . 03462473 
8 ( 4 ) ::: . 0015 10 65 
8 ( 5 ) = . 00134446 
8 ( 6) = . 0 1 389660 
8 ( 7) = -. 00971529 
M = 3 K = 6 
A ( 0) = . 00000031 8 ( 0 ) = . 56609022 
A ( l) = . 56609816 8 ( l) = 1.273 89093 
A ( 2 ) = . 99082 109 8 ( 2 ) = . 87535666 
A ( 3 ) = . 42702915 8 ( 3 ) = .1 543545 7 
8 ( 4 ) = -. 00946362 
8 ( 5 ) = • 002 706 75 
8 ( 6 ) = -. 00070304 
M = 4 K = 5 
A ( 0 ) = . 00000009 8 ( 0 ) = . 43891004 
A ( 1 ) = . 43891143 8 ( l) = 1 . 17548907 
A ( 2 ) = . 95602784 8 ( 2 ) = 1 . 09193066 
A ( 3 ) = . 65047864 8 ( 3 ) = . 39643347 
A ( 4) = .1 326 1785 8 ( 4 ) = . 04033231 
8 ( 5 ) = -. 000854 11 
M = 5 K = 4 
A ( 0 ) = . 00000008 8 ( 0 ) = . 42792590 
A ( 1) = .42792708 8 ( 1) = 1.1628 7137 
A ( 2 ) = . 9 489029 5 8 ( 2 ) = 1. 1064 7733 
A ( 3 ) = . 66 767460 B ( 3 ) = . 42166518 
A ( 4 ) = .14911029 B ( 4 ) = . 05022 7 81 
A ( 5 ) = . 00308462 
M = 6 K = 3 
A ( 0 ) = . 00000020 B ( 0 ) = . 5 1 215055 
A ( l) = . 51215455 8 ( l) = 1 . 24180781 
A ( 2 ) = . 98571819 B ( 2 ) = • 97569889 
A ( 3 ) = . 52547486 B ( 3 ) = . 24583477 
A ( 4 ) = . 04400268 
A ( 5 ) = -.00567167 
A ( 6 ) = . 00077527 
147 
M = 7 I< = 2 
A( 0 ) = . 00000068 B ( 0 ) = • 70513 142 
A ( 1 ) = .70517869 B ( 1) = 1 . 29380608 
A ( 2) = . 94115095 8 ( 2 ) = . 589 73714 
A ( 3 ) = . 17732833 
A( 4) = -.03893580 
A ( 5 ) = . 01544148 
A( 6 ) = -.00 8 72977 
A( 7) = • 00 290011 
148 
f\l = 1 0 
fv1 = 2 I< = 8 
1'1 ( 0 ) = . 00001489 f3 ( 0 ) = . 8260 121 8 
A ( 1 ) = . 82599326 13 ( 1 ) = 1 . 22 1 882 33 
A ( 2 ) = . 80(3 1 32 1 4 8 ( 2 ) = • 33 46 82 0 0 
R ( 3 ) = -. 038 74 695 
f3 ( 4) = . 0 1619375 
13 ( 5) = · 0086 164 3 
B ( 6) = -. 00 756404 
B ( 7 ) = - . 0 1424462 
8 ( 8 ) = . 0 1 074438 
Vi = 3 K = 7 
A ( 0 ) = . 0000003 5 B ( 0 ) = . 55446229 
A ( 1 ) = . 55446027 B ( l) = 1 . 2 763 5865 
A ( 2 ) = . 99911278 1:3 ( 2 ) = . 8993866 4 
A ( 3 ) = . 44607626 B ( 3 ) = . 1 62 7 8 376 
B ( 4 ) = -. 00995311 
B ( 5) = • 002 76 7 5 1 
B ( 6) = -. 00 13542 4 
B ( 7 ) = . 00043333 
M = 4 K = 6 
A ( 0 ) = . 00000003 B ( 0 ) = . 40530671 
A ( 1) = . 40530637 B ( 1 ) = 1 . 1494 8 950 
A ( 2 ) = . 94683483 B ( 2 ) = 1 . 14915347 
A ( 3 ) = . 70951 808 B ( 3 ) = . 46039514 
A( 4 ) = . 16 7 65 7 91 R ( 4 ) = . o5348931 
B ( 5) = - . 0017 9496 
B ( 6 ) = . 000 1 8 575 
M = 5 K = 5 
A ( 0 ) = • 0000000 1 B ( 0 ) = . 35341198 
A( l) = . 35341181 B ( 1 ) = 1 . 07727586 
A ( 2 ) = . 90056938 B ( 2 ) = 1 . 20515859 
A ( 3 ) = . 78432797 B ( 3) = . 592 8 312 8 
1\ ( 4 ) = . 26099122 B ( 4) = . 11735656 
A ( 5 ) = . 02400999 8 ( 5 ) = . 005 7941 2 
M = 6 K = 4 
A ( 0 ) = . 00000002 B ( 0) = . 3 8465444 
A( 1) = . 38465417 8 ( 1) = 1 . 1 2 231680 
A ( 2 ) = . 9299886 7 B ( 2 ) = 1 . 17366638 
A( 3 ) = . 740 7 314 7 B ( 3) = . 51200023 
149 
A ( 4 ) = • 20 311063 B ( 4) = • 076032 97 
A ( 5) = . 00758328 
A ( 6 ) = -. 00039830 
M = 7 K = 3 
A ( 0 ) = . 00000014 B ( 0 ) = . 489 8 4178 
A ( 1) = . 48984079 B ( 1) = 1. 23579676 
A ( 2 ) = . 99087021 B< 2 ) = 1. 02031642 
A ( 3 ) = . 56572091 B ( 3) = • 2 742 5350 
A ( 4 ) = . 05359044 
A ( 5 ) = -. 00811237 
A ( 6 ) = . 00 187407 
A ( 7 ) = -. 00033525 
M = 8 K = 2 
A ( 0 ) = . 00000242 B ( 0 ) = . 69791842 
A ( l) = . 69 7 91084 B ( 1 ) = 1. 30136882 
A ( 2 ) = . 9522966 1 B( 2 ) = . 60416314 
A ( 3 ) = . 18634577 
A ( 4 ) = -. 04205804 
A ( 5 ) = . 01422428 
A ( 6 ) = -. 008 15289 
A ( 7 ) = . 00632774 
A ( 8 ) = -. 00232343 
1 50 
j\ j = ll 
,.,, 
= 3 K = 8 
A ( O l = -. 00000007 B ( 0 ) = . 54645 1 09 
A ( 1 ) = . 54644956 B ( l) = l. 2 7 7965 80 
A ( 2 ) = 1. 00 47 4 7 05 B ( 2 ) = . 9 1 604643 
A ( 3 ) = .45923630 B ( 3 ) = .1 68 72928 
e < 4 ) = -. 0 10 72 449 
B ( 5 ) = . 00259496 
p, ( 6 ) = -. oo u 7 104 
B ( 7) = . 00086636 
B ( 8 ) = -. 0003 1 69 7 
M = 4 K = 7 
A ( 0) = 0 . 00000 0 00 B ( 0 ) = . 3 8 2 70581 
A ( 1 ) = . 382 7 05 7 2 B ( 1 ) = 1.1 3026556 
A ( 2 ) = . 9389 1337 B ( 2 ) = 1. 1 86 9995 7 
A ( 3 ) = .74 9 436 29 B ( 3 ) = . 505 4 909 1 
A ( 4) = .19 30 6 2 4 0 B ( 4) = . 063 1 024 7 
B ( 5 ) = -. 0024 8 629 
B ( 6) = . 0004 1 9 1 0 
B ( 7) = -. 00006566 
M = 5 K = 6 
A ( 0 ) = o.oooooooo B ( 0 ) = . 30926 9 8 1 
A( 1 ) = .30926979 B ( l) = 1. 0 1 5850 23 
A ( 2 ) = . 8 6121553 B ( 2 ) = 1.25279 71 0 
A ( 3 ) = . 8 479620 2 B ( 3) = • 705482 77 
A( 4) = • 340 38 14 5 B ( 4) = • 171 68268 
A ( 5 ) = .04443313 B ( 5 ) = . 0 1 22 4 94 8 
B ( 6 ) = -. 000 1 5800 
M = 6 K = 5 
A ( 0 ) = o. oooooooo B ( 0 ) = . 303 34025 
A ( 1) = • 303 3 4 023 B ( 1) = 1. 00508953 
A ( 2 ) = . 85 341 9 6 0 B ( 2 ) = 1. 25 5 6 3 06 1 
A ( 3 ) = . 8 541 9 9 33 B ( 3 ) = • 722 3 777 9 
A ( 4) = . 353 7 55 t-t2 B ( 4) = .1 83585 17 
A ( 5 ) = . 0503 3680 B ( 5) = .01 50802 7 
A ( 6 ) = . 0 00 6 3 8 3 6 
M = 7 K = 4 
A ( 0) = o.oooooooo B ( 0 ) = • 35417453 
A ( l) = .35417447 B ( 1) = 1.0 8 94339 6 
A( 2) = .91234716 B ( 2 ) = 1.21 8 10227 
A ( 3 ) = . 79144 39 1 B < 3 ) = . 58089 160 
A ( 4) = • 2 4643 6 7 8 B ( 4) = . 09806488 
A ( 5 ) = . 01213138 
A ( 6 ) = -. oo 1056 77 
A ( 7 ) = . 00009 714 
M = 8 K ::: 3 
A ( 0) = -. 00000003 B ( 0 ) = . 47368413 
A ( 1 ) = .47368365 B < 1) = 1 . 230 7' 0494 
A ( 2 ) = . 9938655 4 B ( 2 ) = 1.05263 172 
A ( 3) = . 59518030 B < 3 ) = . 2955499 4 
A ( 4) = .0 6101777 
A ( 5) = -.009 8 46 8 7 
A ( 6) = .00265268 
A ( 7) = -.000 85265 
A ( 8 ) = . 00018042 
152 
N = 12 
M = 3 K = 9 
A ( 0 ) = -. 00000006 B ( 0) = . 54070037 
A ( 1 ) = . 5407009 3 B ( 1) = 1 . 27909891 
A ( 2 ) = 1 . 00875273 B ( 2) = . 92803765 
A ( 3 ) = . 46870443 B ( 3) = . 17285755 
B ( 4) = - . 01141174 
B ( 5 ) = · 00294593 
B ( 6) = -. 0008365 7 
B ( 7 ) = . 00058477 
B( 8 ) = -. 00065233 
B ( 9 ) = . 00026206 
M = 4 K = 8 
A ( 0 ) = 0 . 00000000 B ( 0 ) = . 36686721 
A ( 1 ) = . 36686725 B ( 1 ) = 1 . 11597895 
A ( 2 ) = . 93254548 B ( 2 ) = 1 . 21320808 
A ( 3 ) = . 77750648 B ( 3) = . 53806488 
A ( 4 ) = . 21173676 B ( 4 ) = . 07024353 
B ( 5) = -. 00297779 
B ( 6 ) = . 00057291 
B ( 7) = - . 00015581 
B ( 8 ) = . 00003066 
M = 5 K = 7 
A( 0 ) = o. oooooooo B ( 0 ) = . 27993564 
A ( l) = . 27993565 B ( 1 ) = . 97014677 
A ( 2 ) = . 83017896 B ( 2 ) = 1 . 27908007 
A ( 3 ) = . 88731833 B ( 3 ) = • 78536996 
A ( 4 ) = . 39922837 B ( 4 ) = . 2 1 505529 
A ( 5 ) = . 06218205 B ( 5 ) = • 018135 72 
B ( 6) = -. 00038853 
B ( 7 ) = . 00002622 
M = 6 K = 6 
A ( 0 ) = o . oooooooo B ( 0 ) = . 25022579 
A ( l) = . 25022579 B ( l) = . 90869991 
A ( 2 ) = .7 8358702 8 ( 2 ) = 1 . 28101 1 98 
A ( 3 ) = . 91007050 B ( 3) = • 8 73 715 96 
A ( 4 ) = . 47355356 B ( 4) = . 29020244 
A ( 5 ) = . 10321928 B ( 5 ) = • 04043 726 
A ( 6 ) = . 00635653 B ( 6) = . 00141535 
M = 7 K = 5 
153 
A ( 0 ) = 0 . 0 00 00 00 0 8 ( 0) = . 2688 6 28 7 
A ( 1) = . 26886 2 88 8 ( 1 ) = . 947 88 45 4 
A ( 2 ) = . 8 1345 311 B ( 2 ) = 1 . 28 1 08 34 9 
A ( 3 ) = . 896 7 6 200 8 ( 3 ) = . 8 1 83 3 8 0 8 
A ( 4) = . 4 2 654223 8 ( 4) = . 2 415 8 767 
A ( 5 ) = . 076248 9 0 8 ( 5 ) = . 02 5 308 1 8 
A ( 6 ) = . 0017 88 0 5 
A ( 7) = -.0 0 0065 88 
M = 8 K = 4 
A ( 0 ) = 0 . 00000000 8 ( 0 ) = • 3 32 09194 
A ( 1 ) = . 33209196 8 ( 1) = 1.06333037 
A ( 2 ) = . 8 972 8 446 8 ( 2 ) = 1 . 24867737 
A ( 3) = . 8 2770 8 85 8 ( 3 ) = . 6336160 8 
A ( 4 ) = . 28069789 8 ( 4) = .11 61 8 4 98 
A ( 5 ) = . o 1619244 
A ( 6 ) = -. 00174219 
A ( 7) = . 00027264 
A ( 8 ) = -. 00003333 
M = 9 K = 3 
A ( 0) = -.00000001 8 ( 0 ) = . 46164127 
A ( 1) = . 46164146 8 ( l) = 1.22651551 
A ( 2 ) = . 99569585 8( 2 ) = 1 . 07671745 
A ( 3 ) = . 61733467 B ( 3) = . 311 8 0644 
A ( 4) = . 0668701L~ 
A ( 5 ) = -.o 1125979 
A ( 6 ) = . 00311536 
A ( 7) = -.00116948 
A ( 8) = . 00047784 
A ( 9) = -.00011349 
APPENDIX IV 
Table 1 gives the coefficients of the economization of 
rational functions approximation Cmk(x) of f(x) = ex for 
N=4,···,12 with varying m and k. The approximation is evalu-




b +b x+···+b x 0 1 k 
Table 2 gives the coefficients of the economization of 
rational functions approximation Cmk(x) of f(x) = log(l+x) for 
N=4,·· ·,12 with varying m and k. 
155 
N 4 Table 1 = 
M = 1 K = 3 
A ( 0 ) = . 96809895 8( 0) = . 96809895 
A( 1) = . 23437499 8( 1 ) = -. 7343 7500 
8 ( 2) = . 25000000 
8 ( 3) = -.04166666 
M = 2 K = 2 
A( 0 ) = 1.02126736 8 ( 0) = 1 . 02126736 
A( 1) = . 51041666 8( 1) = -.51041666 
A( 2) = . 08333333 8( 2 ) = . 08333333 
M = 3 K = 1 
A( 0) = . 96809895 8( 0) = • 96 80 98 95 
A< 1) = . 73437500 8 ( 1) = - . 23437500 
A( 2 ) = . 25000000 
A ( 3) = . 04166666 
M = 4 K = 0 
A( 0) = 1.12760416 8 ( 0) = 1 . 12760416 
A( 1) = 1 .06249999 
A( 2 ) = .50000000 
A( 3 ) = .16666666 
A( 4 ) = . 04166666 
156 
N = 5 
M = 1 K = 4 
A ( 0 ) = 1.03032118 B( 0) = 1 . 03031249 A( 1) = .22031 250 B( 1) = -.80999999 
8( 2) = . 29999999 
B ( 3) = -.06666666 
B( 4) = ·00 833333 
M = 2 K = 3 
A ( 0 ) = • 9848 3940 B ( 0) = • 984843 75 
A( 1) = .38984375 B( 1) = -.59499999 
A( 2 ) = .04750000 B( 2) = .1499999 9 
B( 3 ) = -.o1666666 
M = 3 K = 2 
A ( 0 ) = 1.01516059 B ( 0) = 1.01515624 
A( 1) = .61015625 B( 1) = -.40499999 
A( 2) = .15250000 B ( 2) = .04999999 
A( 3) = .01666666 
M = 4 K = 1 
A ( 0) = .96967881 B ( 0) = • 96968750 
A( 1) = .77968750 8( 1) = -.19000 000 
A ( 2 ) = .29500000 
A( 3 ) = .06666666 
A ( 4) = .00833333 
M = 5 K = 0 
A ( 0 ) = 1.15160590 B ( 0) = 1.15156250 
A( 1) = 1.10156250 
A( 2 ) = .52500000 
A( 3 ) = .16666666 
A( 4) = .04166666 
A ( 5 ) = .00833333 
157 
N = 6 
M = 1 K = 5 
A ( 0) = 1.04201750 B( 0) = 1.04201750 
A( l) = .187 67361 B ( 1 ) = -.85434027 
B( 2 ) = .33680555 
B! 3 ) = -.08333333 
B ( 4) = .01 388888 
B( 5) = -.oo138888 
M = 2 K = 4 
A( 0) = .98319299 B ( 0 ) = .98319299 
A( l) = ·32493055 B( l) = -.65826388 
A( 2 ) = .03194444 B( 2) = .19861111 
B( 3) = -.03333333 
B( 4) = .oo277777 
M = 3 K = 3 
A( 0) = 1.01260525 B( 0) = 1.01260525 
A( 1) = .50630208 B ( 1) = -.50630208 
A( 2) = .10104166 B ( 2) = .10104166 A( 3 ) = .00833333 B ( 3) = -.00833333 
M = 4 K = 2 
A( 0) = .98319299 B( 0 ) = • 983192 99 
A( 1) = .65826388 B ( l) = -.32493055 
A( 2) = .19861111 B( 2 ) = .o3194444 
A( 3) = .03333333 
A( 4) = .00277777 
M = 5 K = 1 
A( 0 ) = 1.04201750 B( 0 ) = 1.04201750 
A( l) = .85434027 B( l) = -.18767361 
A( 2) = .33680555 
A< 3) = .08333333 
A( 4) = .01388888 
A( 5) = .00138 888 
M = 6 K = 0 
A( 0) = .74789496 B( 0 ) = • 74 789496 
A( l) = .87395833 
A( 2) = .47916666 
A( 3) = .16666666 
A ( 4) = 
A ( 5) = 






N = 7 
M :: 1 K :::: 6 
A ( 0) = 1.05069973 B ( 0) = 1.05069975 A( l) = .16305094 B ( 1) = -. 88 764880 
B ( 2) :: • 364 795 91 
B ( 3) = -.09608843 
B ( 4) = .01785714 
B ( 5) = -.oo23 8o95 
B ( 6) = .00019841 
M = 2 K ::::: 5 
A ( 0 ) = 1.01711369 B ( 0) = 1.01711368 
A( 1 ) = .29598981 B ( l) = -. 72112386 
A( 2 ) = .02637 825 B ( 2) = . 23894557 
8 ( 3 ) = -.04761904 
8 ( 4) = .0059 5238 
8 ( 5) = -.00039682 
M = 3 K :::: 4 
A ( 0) = .98973178 8 ( 0) = .98973178 
A( 1) = • 42240610 8 ( 1) = -.56732568 
A( 2) = .06988732 8( 2) = .14234693 
A ( 3) = .00459183 8( 3) = -.01904761 
8 ( 4) = .00119047 
M = 4 K = 3 
A ( 0 ) = 1.01026821 8 ( 0) = 1.01026821 
A( l) = .57759389 8( 1) = -. 4326 7431 
A( 2) = .14439838 B( 2) = .07193 877 
A ( 3) = .0192176 8 8( 3 ) = -.00476190 
A( 4) = .0011 9047 
M = 5 K :: 2 
A( 0 ) = .98288630 B( 0) = .98288631 
A( 1) = • 7040 1018 8( 1) = -.27887613 
A( 2) = .2 3552650 8( 2) = .02295918 
A( 3 ) = .04733560 
A( 4) = • 005 952 38 
A< 5) = .00039682 
M = 6 K = 1 
A( 0) = 1.05134108 8( 0 ) = 1.05134105 
160 
A ( l) = .88796945 8( 1 ) = -.1633715 9 
A( 2 ) = .36484906 
A( 3) = .09608843 
A( 4) = .017 85714 
A( 5 ) = .00238095 
A( 6 ) = .00019841 
1 61 
N = 8 
M = 1 K = 7 
A( 0) = 1.05817327 8( 0 ) = 1.05817327 
A( 1) = .1 4432101 8 ( 1) = -.91385226 
B( 2) = . 38668387 
8( 3) = -.10611979 
8 ( 4) = . 02099609 
8 ( 5) = -.00312499 
8( 6) = .00034722 
B ( 7) = -.00002480 
M = 2 K = 6 
A( 0) = 1· 0 22 4415 6 8 ( 0) = 1.02244156 
A( 1) = .26122078 8 ( 1) = -. 76122078 
A( 2 ) = .0 2009925 8( 2) = • 2 700992 5 
8( 3 ) = -.05970982 
8( 4) = · 00892857 
8 ( 5 ) = -.00089285 
8( 6) = · 00004960 
M = 3 K = 5 
A( 0 ) = .98 877921 8( 0) = . 98877921 
A( 1) = .36938960 8( 1) = - . 61938960 
A( 2) = .05245037 B ( 2) = .1 774503 7 
A( 3) = .00 288318 B( 3) = -.02966889 
B ( 4) = . 00297619 
8( 5) = -.ooo14 880 
M = 4 K = 4 
A( 0 ) = 1.00897662 B ( 0) = 1 . 00897662 
A( 1) = . 50448831 8( 1) = - . 50448831 
A ( 2 ) = • 10 80 3970 8( 2) = .10803 970 
A ( 3) = . 01197916 8( 3) = - . 01197916 
A ( 4) = .00059523 8 ( 4) = . 00059523 
M = 5 K = 3 
A( 0) = . 98877921 8( 0) = . 98877921 
A( 1) = .61938960 8( 1) = - . 36938960 
A( 2) = .17745037 8( 2 ) = . 05245037 
A ( 3 ) = . 02966889 8( 3) = - . 00288318 
A( 4) = .00 297619 
A( 5) = .00014880 
162 
M ::;: 6 K :::: 2 
A ( 0) ::;: 1 . 02244156 B ( 0) ::;: 1.02244156 
A ( l) = .76122078 B ( 1) = -.26122078 A( 2) = . 27009925 B( 2) ::;: . 02009925 A ( 3 ) = . 05970982 
A ( 4) = . 00892857 A ( 5) = . 00089285 
A( 6) = . 00004960 
M = 7 K = 1 
A( 0) = .92145452 B ( 0) = . 92145452 
A( 1) = .83572726 B( l) = - . o85727Z6 A( 2) = .367152 62 
A( 3) = .1035156 2 
A ( 4) = . 02083333 
A( 5 ) = . 00312500 
A( 6) = .00034722 
A( 7 ) = .00002480 
1 6 3 
N = 9 
M = 2 K = 7 
A ( 0) = 1.02688517 B( 0 ) = 1.02688517 
A ( l) = .23372366 B ( l) = -.79316150 
A( 2) = .01579974 B( 2 ) = .29551866 
B ( 3) = -.06995884 
B( 4) = .o1160622 
B ( 5) = -.00138888 B( 6) = .ooo11574 
B ( 7) = -.00000551 
M = 3 K = 6 
A( 0) = 1.01162592 B( 0) = 1.01162592 
A( l) = .33997821 B ( l) = -.67164771 
A( 2) = .04332788 B( 2) = .20916263 
A( 3) = .00 220544 B( 3) = -.03973765 
B( 4) = .00496031 
B ( 5 ) = -.00039682 
B( 6) = .oooo1653 
M = 4 K = 5 
A ( 0 ) = .99224938 B( 0) = .99224938 
A( l) = .44001452 B( l) = -. 5522 3485 
A( 2 ) = .08222585 B( 2) = .13833602 
A( 3) = .00778896 B( 3) = -.01980452 
A( 4) = .00032150 B( 4) = .00165343 
B( 5) = -.oooo6613 
M = 5 K = 4 
A( 0) = 1.00775061 B( 0) = 1.00775061 
A( l) = .55998547 B( l) = -. 44 776514 
A ( 2 ) = .13999636 B( 2) = .08388620 
A( 3) = .o 1998881 B ( 3) = -. 00797325 
A( 4) = .00166262 B( 4) = .00033068 
A( 5 ) = .00006613 
M = 6 K = 3 
A( 0) = .98837407 B( 0) = .98837407 
A( l) = .66002178 B( 1 ) = -.32835228 
A( 2) = .20667211 B( 2) = .04083736 
A( 3) = .03946121 B( 3) = -.00192901 
A( 4) = .00494653 
A( 5) = .00039682 
A( 6) = .00001653 
164 
M = 7 K = 2 
A ( 0 ) = 1 . 02712716 B ( 0 ) = 1 . 02712716 
A ( 1) = .79328250 B ( 1) = -.233 84466 
A( 2 ) :::: . 29554284 B ( 2 ) = . 01582392 
A ( 3) = . 06996085 
A( 4) = .01 160622 
A ( 5 ) = . 00138888 
A( 6) = .00011574 
A( 7 ) = .ooooo551 
165 
N = 10 
M = 2 K = 8 
A( 0 ) = 1.03095630 B ( 0) = 1.03095630 
A( 1) = .21158926 B ( 1) = -. 81936 704 
A( 2) = .01 276230 B ( 2 ) = . 31665119 
8( 3) = -.07870241 
B ( 4) = .01 398148 
B( 5) = -.oo185648 
B ( 6) = .00018518 
B ( 7) = -.00001322 
B ( 8 ) = .00000055 
M = 3 K = 7 
AC 0) = 1.01464138 B ( 0) = 1.01464138 
A( 1) = • 30732069 B ( 1 ) = -. 70732069 
A( 2 ) = . 03490163 B ( 2) = . 23490163 
A ( 3) = .00156298 8 ( 3) = -.04878520 
B ( 4) = .00695312 
B ( 5 ) = -.00069444 
B ( 6) = .00004629 
B ( 7) = -.00000165 
M = 4 K = 6 
A ( 0) = .99163349 B( 0) = .99163349 
A( 1 ) = • 39581674 B ( 1) = -.59581674 
A( 2 ) = .06577049 B ( 2 ) = .16577049 
A( 3) = .00545607 B ( 3) = -.02767829 
A( 4) = .00019345 B ( 4) = ·00297123 
B ( 5) = -.00019841 
B ( 6) = . 00000661 
M = 5 K = 5 
A( 0 ) = 1.00697208 B ( 0) = 1.00697208 
A( 1) = .50348604 B( 1) = -.50348604 
A( 2) = .11185792 B ( 2) = .11185792 
A( 3) = .01397179 B( 3) = -.01397179 
A( 4) = .00099619 B ( 4) = .00099619 
A ( 5) = .00003306 B ( 5) = -.00003306 
M = 6 K = 4 
A( 0 ) = .99163349 8( 0) = .99163349 
A( 1) = .59581674 8( 1) = -. 395816 74 
A( 2) = .16577049 B ( 2) = • 065 77049 
A( 3) = .02767829 8( 3) = -.00545607 
166 
A ( 4) = .00297123 B ( 4) = .00019345 
A( 5 ) = .00019841 
A ( 6) = .00000661 
M = 7 K = 3 
A( 0) = 1.01464138 B ( 0) = 1.01464138 
A( 1) = .70732069 B ( 1) = -.30732069 
A( 2) = ·23490163 B( 2) = .o3490163 
A ( 3) = .04878520 B ( 3 ) = -.00156298 
A( 4) = .00695312 
A( 5) = .00069444 
A( 6) = .00004629 
A( 7) = .00000165 
M = 8 K = 2 
A( 0) = .96095630 B( 0) = .96095630 
A ( 1) = ·78047815 B ( 1) = -.18047815 
A( 2 ) = .30692897 8{ 2) = ·00692 897 
A ( 3 ) = .07731352 
A( 4) = .01386574 
A( 5) = .00185185 
A( 6) = .00018518 
A( 7 ) = • 0000 1322 
A ( 8) = .00000055 
1 6 7 
N = 11 
M :::: 3 K. :: 8 
A ( 0 ) ::: 1 · 0 ~729495 8 ( 0) = 1 . 0172 9495 A( 1 ) ::: · 2~ 040624 8 ( 1) = - . 73688871 
A ( 2) ::: · 0 <8 71 0 37 8( 2 ) = . 25695161 A( 3 ) ::: · 0 011466 9 8( 3 ) = - . 05690972 
8( 4) = . 00886707 
8( 5 ) = - . 00101124 
8 ( 6 ) = . 00008417 
8 ( 7) = - . 00000481 
8( 8) = . ooooool5 
M :::: 4 K. ::: 7 
A ( 0 ) = 1 . o087o789 B ( 0) :: 1 . 00870789 
A ( 1) = •:36847456 B( 1) = - . 6402 3333 
A< 2 ) = • 05575500 B( 2) = . 19163438 
A ( 3 ) = • 00421315 B< 3) = -. 03542254 
A( 4) = . ooo14064 B ( 4) = . 00442206 
B( 5 ) = - . 00037878 
B ( 6) = . 00002104 
8( 7) = - . oooooo6o 
M :::: ? K. ::: 6 
A( 0) = • 99 378007 B ( 0) = . 99378007 
A( 1) = • <,.5108959 B( 1 ) = - . 54269047 
A ( 2 ) = . o9o04512 B ( 2) = . 13584556 
A< 3 ) = • 00997761 B( 3 ) = - . 020152 72 
A( 4) = . Q0062103 8 ( 4) = . 00189188 
A< 5) = . ooool762 B( 5 ) = - . ooo1o822 
B< 6) = . 00000300 
M :::: 6 K = 5 
A( 0) = l.Q0621992 B ( 0) = 1 . 00621992 
A( 1) = . s489l040 B( 1) = - . 45730952 
A( 2 ) = · 13722760 B( 2) = . 09142715 
A( 3) = . () 2o32541 B< 3) = - . 01015030 
A( 4) = . ()0190421 8 ( 4) = . 00063336 
A( 5) = .()O o l0 8 63 B ( 5) = - . 00001803 
A( 6) = • ()Oooo 3oo 
M ::: 1 K = 4 
A( 0 ) = • ~9 129210 B< 0 ) = . 99129210 
A( 1 ) = . {)3152543 B< 1) = - . 35976666 
A( 2) = • tB 9699 54 B ( 2) = . 05382015 
168 
A{ 3) = . 03518078 B{ 3) = -.00397139 
A{ 4) = • 00440480 B ( 4) = .00012339 
A ( 5 ) = .00037821 
A ( 6 ) = .00002104 
A ( 7) = .0000006 0 
M = 8 K = 3 
A( 0 ) = 1.01741579 B ( 0) = 1.01741579 
A( 1) = .73694913 B{ 1) = -.28046666 
A ( 2) = .25696455 B ( 2 ) = .02872332 
A( 3) = .05691115 B( 3) = -.ool14812 
A ( 4) = .00886715 
A ( 5 ) = .00101124 
A( 6 ) = .00008417 
A( 7 ) = • 0000048 1 
A( 8 ) = .00000015 
169 
N = 12 
M = 3 K = 9 
A ( 0 ) = 1.01981085 8( 0) = 1.01981085 A( 1) = .25791679 8( 1 ) = -. 76189406 
A( 2) = • 0240 4494 8 ( 2 ) = . 27603357 
A( 3) = . 00086715 8( 3) = -·06418786 
8 ( 4) = .01066520 
8( 5) = -.00132970 
8( 6) = .00012639 
8( 7) = -·00000901 
8( 8) = .00000045 
8( 9) = -.oooooool 
M = 4 K = 8 
A ( 0 ) = 1.01063961 8 ( 0) = 1.01063961 
A( 1) = .33865314 8( l) = -.67198647 
A( 2) = .04663659 8( 2 ) = . 21330325 
A ( 3) = .00317800 8 ( 3 ) = -.04257194 
A( 4) = .00009471 8 ( 4) = .00590279 
8 ( 5) = -.00058957 
8( 6) = .00004208 
8( 7) = - ·. 000002 00 
8( 8) = .00000005 
M = 5 K = 7 
A( 0) = .99335023 8( 0) = .99335023 
A( 1) :: .41334178 8 ( 1 ) = -.58000845 
A( 2 ) :: .07501879 8( 2 ) = .15 835213 
A ( 3) :: .00748344 8 ( 3) = -.02642283 
A ( 4) = .00041428 8 ( 4) = .00293953 
A ( 5) :: • 00001030 8( 5) = -.00022074 
8( 6) = .0000105 2 
8 ( 7) = -.00000025 
M = 6 K :: 6 
A( 0) = 1.00569979 8( 0) = 1.00569979 
A( 1) = .50284989 8 ( 1 ) = -.50284989 
A( 2 ) :: .11426960 8 ( 2) = • 1142 6960 
A( 3 ) :: .01 523064 8( 3) = -.01523064 
A( 4) = .001 26827 8( 4) = .001 26827 
A( 5) :: .00006 331 8 ( 5) = -.00006331 
A( 6) :: .000001 50 8( 6) = . 00000150 
M = 7 K :: 5 
1 70 
A( 0) :: . 99335023 8 ( 0) :: . 99335023 
A( 1) :: .58000845 8( 1 ) = - . 41334178 
A( 2 ) = . 15835213 8( 2) = . 07501879 
A( 3) = . 02642283 8( 3) = - . 00748344 
A( 4 ) = . 00293953 8( 4) = . 00041428 
A( 5) = . 00022074 8 ( 5) = - . 00001030 
A ( 6) = • 0000 10 52 
A( 7) = . 00000025 
M = 8 K = 4 
A( 0 ) = 1 . 01063961 8( 0) = 1 . 01063961 
A ( 1) :: . 67198647 8( 1) = - . 33865314 
A( 2 ) = • 21330 32 5 8( 2 ) = . 04663659 
A ( 3) = . 04257194 8( 3) = - . oo3178oo 
A( 4 ) = . 00590279 8 ( 4) = . 00009471 
A( 5 ) = . 00058957 
A( 6 ) = . 00004208 
A( 7 ) = . ooooozoo 
A( 8 ) = . 00000005 
M = 9 K = 3 
A( 0 ) = . 9 7 606085 8( 0) = . 97606085 
A( 1) = . 73803042 8 ( 1 ) = - . 23803042 
A( 2 ) = . 27006766 8 ( 2 ) = • 02 006 766 
A( 3 ) = • 06 330402 8( 3) = -. 00042523 
A( 4 ) = . 0 1058234 
A( 5 ) = . 00132496 
A( 6 ) = . 00012626 
A( 7 ) = . 00000901 
A( 8) = . 00000045 
A( 9 ) = . 00000001 
171 
N = 4 Table 2 
M = 1 K = 3 
A ( 0) = . 00824652 B ( 0 ) = . 612413 19 
A ( 1 ) = . 60416666 B ( l) = . 30208333 
B ( 2 ) = -. 08333333 
B ( 3 ) = . 04166666 
M = 2 K = 2 
A ( 0) = . 00173611 B ( 0) = . 91840277 
A ( 1 ) = . 91666666 B ( l) = . 95833333 
A< 2 ) = . 50000000 B ( 2) = . 16666666 
M = 3 K = 1 
A ( 0 ) = . 00390625 B ( 0) = . 8 1640625 
A ( l) = . 81250000 B ( l) = . 65625000 
A ( 2 ) = . 25000000 
A ( 3) = - . 04166666 
M = 4 K = 0 
A ( 0 ) = . 06250000 B ( 0) = -1 . 93750000 
A ( l) = -2 . 00000000 
A ( 2 ) = - . 50000000 
A ( 3 ) = . 33333333 
A ( 4 ) = - . 25000000 
172 
N = 5 
IV\ = 1 K = 4 
A ( 0 ) = - . 00058593 B ( 0 ) = . 00859375 
A ( l) = . 00859375 B ( 1 ) = -. 17499999 
B ( 2 ) = -. 0833 33 33 
B ( 3 ) = . 04166666 
B ( 4) = -. 02638888 
M = 2 K = 3 
A ( 0 ) = -. 00006365 B ( 0 ) = . 89229 16 6 
A ( l) = . 89229166 8 ( 1) = 1 . 05999999 
A( 2 ) = . 61499999 l3 ( 2 ) = . 23333333 
6 ( 3 ) = -. 01111111 
M = 3 K = 2 
A ( 0 ) = -.00005208 6 ( 0 ) = . 9 11 8 7499 
A ( l) = . 91 18 7499 B ( l) = 1.13 999999 
A( 2 ) = . 6 8 499999 6 ( 2 ) = . 29999999 
A ( 3 ) = . 03333333 
M = 4 K = 1 
A ( 0 ) = - . 00020 8 33 6 ( 0) = • 64 75 0000 
A( 1) = . 64750000 B ( l) = . 56000000 
A ( 2 ) = . 24000000 
A ( 3 ) = -. 06666666 
A ( 4) = . 01666666 
M = 5 K = 0 
A ( 0 ) = - . 00520833 B ( 0 ) = -7 . 8 1 2 4 9999 
A ( 1) = -7. 8 1249 999 
A ( 2 ) = -1. 99999999 
A ( 3 ) = . 33333333 
A ( 4 ) = - . 25000000 
A ( 5 ) = . 20000000 
1 7 3 
[\J = 6 
1"1 = 1 K = 5 
A ( 0) = -.00156 069 B( 0 ) = -3 . 34652596 
A ( 1) = -3.3449 6527 B ( 1) = - 3 . 91987847 
B ( 2 ) = -. 83246527 
B ( 3 ) = . 04166666 
B( 4) = -. 02638888 
B ( 5) = . 01874999 
M = 2 K = 4 
A( 0) = -.00010355 B ( 0) = • 71159234 
A ( 1 ) = . 71169590 B ( 1) = . 91725146 
A ( 2) = . 56140350 B( 2) = . 22222222 
B ( 3 ) = -. 01754385 
B ( 4) = . 00321637 
M = 3 K = 3 
A( 0 ) = -.00003906 B ( 0) = . 89121093 
A ( 1) = . 8912 499 9 B ( 1) = 1 . 3893 7499 
A ( 2) = . 94374999 B ( 2) = . 58124999 
A( 3) = . 18333333 8( 3 ) = . 04999999 
/Vl = 4 K = 2 
A( 0 ) = -.00006944 B ( 0) = . 80659722 
A( 1) = . 80666666 B( 1) = 1 . 13666666 
A ( 2) = . 73333333 B ( 2 ) = . 36666666 
A ( 3) = . 06666666 
A ( 4) = -.00 555555 
M = 5 K = 1 
A( 0) = -.0 0043402 B ( 0 ) = -. 208 76 736 
A( 1 ) = - . 20833333 B ( 1) = - . 39583333 
A ( 2 ) = -. 29 166666 
A ( 3) = -. 08333333 
A ( 4) = . 02777777 
A ( 5 ) = -.00 833333 
M = 6 K = 0 
A( 0) = - . 01562499 B ( 0) =-42.51562499 
A( 1) =-42.49999999 
A( 2 ) =-22 . 99999999 
A( 3) = • 33333333 
A ( l~ ) = 
A ( 5 ) = 




1 7 4 
1 7 5 
N = 7 
M = 1 K = 6 
A ( 0 ) = . 00008880 B ( 0) = - 9 . 65486524 
A( l) = - 9 . 65486524 B( l) =- 11 . 80778769 
B ( 2 ) = - 2 . 68749999 
1:3 ( 3 ) = . 16567460 
B( 4 ) = - . 02638888 
B ( 5 ) = . 018 74999 
B ( 6 ) = -. 0142691 7 
M = 2 K = 5 
A ( 0 ) = . 00000397 B ( 0 ) = . 41275049 
A ( l) = . 412 7 5049 B ( 1) = . 54443114 
A ( 2 ) = . 33792884 B ( 2 ) = . 11421852 
B ( 3 ) = -. 02175191 
B ( 4 ) = . 00532039 
B( 5 ) = - . 00133254 
M = 3 K = 4 
A ( 0 ) = . 00000090 B( 0) = . 86601345 
A( 1) = . 86601345 B( 1) = 1 . 51182745 
A ( 2 ) = 1 . 0787 9174 B ( 2 ) = • 75695 732 
A ( 3 ) = . 2897340 7 B ( 3 ) = . 09090909 
B( 4 ) = -. 00194805 
M = 4 K = 3 
A( 0 ) = . 00000079 B ( 0 ) = . 88209183 
A ( 1 ) = . 88209183 B( 1 ) = 1 . 57040816 
A( 2 ) = 1 . 12933673 B( 2 ) = . 82040816 
A ( 3 ) = . 32925 170 B( 3 ) = . 11428571 
A ( 4 ) = . 00714285 
M = 5 K = 2 
A ( 0 ) = . 00000221 B ( 0 ) = . 67247732 
A ( 1) = . 67247732 B ( 1 ) = 1 . 02891156 
A ( 2 ) = . 69260204 B( 2 ) = . 37414965 
A( 3 ) = . 0 8390022 
A ( 4 ) = - . 01190476 
A ( 5 ) = . 00158730 
M = 6 K = 1 
AC 0 ) = . 00001992 B ( 0 ) = - 1 . 94 770408 
1 76 
A ( 1) = -1 . 94770408 8 ( 1) = - 2 . 739 79591 
A ( 2 ) = - 1 . 76658163 
A ( 3} = - . 19727891 
A ( 4) = . 03571428 
A ( 5 ) = -. 01428571 
A ( 6 } = . 004761 90 
177 
N = 8 
M = 1 K = 7 
A ( 0 ) = . 00032894 8 ( 0 ) =-1 8 . 44509963 
A( l) =-18 . 44542857 8 ( l) =-23 . 600 1 3353 
8( 2 ) = - 5 . 6559 7 645 
8 ( 3 ) = . 43175168 
8 ( 4) = - . 09790447 
8 ( 5 ) = . 018 74 999 
8 ( 6 ) = - . 0 14 26917 
8 ( 7) = . 0 11 36 73 9 
M = 2 K = 6 
A ( 0 ) = . 00001057 8 ( 0) = - . 805 4729 3 
A( l) = - . 805 4 8350 B ( l) = -1 . 45558054 
A ( 2 ) = -1 . 05283879 8 ( 2 ) = - . 8068837 7 
8 ( 3 ) = - . 11947824 
8 ( 4) = . 00680442 
8 ( 5) = - . 0022 724 3 
8 ( 6) = . 00066781 
M = 3 K = 5 
A ( 0) = . 00000162 8 ( 0) = . 723 17944 
A ( 1) = . 723177 82 B ( l) = 1 . 3 75 8 1542 
A( 2) = 1 . 01422651 B ( 2 ) = . 77494525 
A ( 3 ) = • 32811843 8 ( 3) = . 1096 8356 
B ( 4) = -. 00409663 
B ( 5 ) = . 00039390 
M = 4 K = 4 
A( 0 ) = . 00000079 8 ( 0 ) = . 86390385 
A ( 1) = . 86390306 8 ( ll = 1. 79253826 
A( 2 ) = 1 . 360586 7 3 B ( 2 ) = 1 . 201 14795 
A ( 3 ) = . 59285714 B ( 3 ) = . 2785 714 2 
A( 4) = . 05952380 B ( 4 ) = . 0 1 4285 71 
M = 5 K = 3 
A ( 0 ) = . 00000124 B ( 0 ) = . 7 8 734977 
A( ll = .7 8 734853 B ( ll = 1 . 55084103 
A ( 2 ) = 1 . 15716677 8 ( 2 ) = .9392 9368 
A ( 3) = . 426339 28 B ( 3 ) = . 16741071 
A( 4) = . 01785714 
A( 5) = - . 00089285 
178 
M = 6 K = 2 
A ( 0 ) = . 00000498 B ( 0 ) = . 14939911 
A ( 1) = . 14939413 B ( 1 ) = . 203364 1 5 
A ( 2 ) = . 12 866 7 09 B ( 2 ) = . 00 717474 
A ( 3 ) = -. 04464285 
A ( 4) = -. 0 17 85 714 
A ( 5 ) = . 00357142 
A ( 6 ) = - . 0005 9523 
M = 7 K = 1 
A( 0 ) = . 00006103 B ( 0 ) = - 9 . 4 1 986083 
A ( 1 ) = - 9 . 41992187 B ( ll =-15 . 00878906 
A ( 2 ) =-10 . 29882812 
A ( 3) = -2 . 10937499 
A ( 4) = . 04166666 
A ( 5 ) = -. 01875000 
A ( 6 ) = . 00833333 
A( 7 ) = -. 00297619 
1 79 
N = 9 
M = 2 K = 7 
A ( 0 ) = -. 00000037 B ( 0 ) = - 2 . 87585898 
A ( 1 ) ::: 
- 2 . 8 7 585898 B ( 1 ) = - 5 . 2 84 1 16 79 
A ( 2 ) = - 3 . 846 16863 B ( 2 ) = - 2 . 88829427 
B ( 3 ) = -. 40159961 
B ( 4 ) = . 01593580 
B ( 5 ) = - . 002970 7 7 
B ( 6 ) = . 00116400 
B ( 7 ) = - . 00037 7 6 1 
M = 3 K = 6 
A ( 0 ) = - . 00000004 B( 0 ) = . 51100105 
A ( l) = . 5 11 00 105 B ( 1 ) = 1 . 03665893 
A ( 2 ) = . 7 8 1 160 4 6 B ( 2 ) = . 62735504 
A ( 3 ) = . 27935788 B ( 3 ) = . 09220411 
B ( 4 ) = - . 00607069 
B ( 5 ) = • 0008 76 75 
B ( 6 ) = - . 00012093 
M = 4 K = 5 
A ( 0 ) = - . 0000000 1 B ( 0 ) = . 83973223 
A ( 1) = . 8 3 9 7 3223 B ( 1 ) = 1 . 9 1 635204 
A ( 2 ) = 1 . 496 4 8659 B ( 2 ) = 1 . 4 7 107804 
A ( 3 ) = . 7 928 1 23 1 B ( 3 ) = . 4225 7495 
A ( 4) = . 11 588 183 B ( 4) = . 03206349 
B ( 5 ) = - . 00038095 
M = 5 K = 4 
A ( 0 ) = - . 0000000 1 B ( 0 ) = . 85377028 
A ( l) = . 853 77 028 B ( ll = 1 . 9674 7448 
A ( 2 ) = 1 . 54058996 B ( 2 ) = 1 . 5368 7 169 
A ( 3 ) = . 83 77 24 1 3 B ( 3 ) = . 458553 7 9 
A ( 4 ) = . 1 3249559 1:3 ( 4 ) = . 03968253 
A ( 5 ) = . 00158 7 30 
M = 6 K = 3 
A ( 0 ) = - . 00000002 B ( 0 ) = . 6 70983 1 3 
A ( l) = . 6 7 0983 1 3 B ( ll = 1 . 4 2681 760 
A ( 2 ) = 1 . 09 1 32741 8 ( 2 ) = . 95 7 96 1 30 
A ( 3 ) = . 4 6 82 1 263 B ( 3 ) = . 1 984 1 269 
A ( 4) = . 02 7 28 174 
A ( 5 ) = - . 0023809 5 
A ( 6 ) = . 0 001 98 41 
180 
M = 7 1<. = 2 
A ( 0 ) = -. 00000015 B ( 0 ) = -. 79131401 
A ( 1) = -. 7913140 1 B ( 1) = -1. 565 1 04 1 6 
A ( 2 ) == -1. 16943962 B ( 2 ) == -1. 00665509 
A ( 3 ) = -. 48787937 
A ( 4 ) = -. 03665123 
A ( 5 ) == . 00555555 
A ( 6 ) = -. 00 138888 
A ( 7 ) = . 00026455 
l 81 
N = 10 
M = 2 K = 8 
A ( 0 ) = - . 00000137 8 ( 0 ) = -5 . 68481250 
A ( 1) = -5 . 68481113 8 ( 1) =-10 . 94665551 
A ( 2) = - 8 . 10 424994 8 ( 2 ) = - 6 . 3 1 295 1 89 
8 ( 3 ) = - . 92882 11 0 
B ( 4) = . 0400 7562 
B ( 5 ) = - . 00652119 
8 ( 6 ) = . 00154707 
B ( 7) = - . 000669 14 
8 ( 8 ) = . 00023224 
M = 3 K = 7 
A ( 0 ) = - . 00000011 B ( 0 ) = - . 21122 9 1 2 
A ( 1) = - . 21122901 8 ( 1) = - . 50260780 
A ( 2 ) = - . 39699 330 B ( 2 ) = - . 458 76646 
A ( 3 ) = - . 2 77874 5 1 8 ( 3 ) = - . 1 9149695 
8 ( 4 ) = - . 0 2624322 
1:) ( 5 ) = . 00 1353 1 9 
B ( 6 ) = - . 000 28 004 
B ( 7 ) = • 000046 76 
M = 4 K = 6 
A ( 0 ) = - . 0000000 2 B ( 0 ) = • 7155291 8 
A ( 1) = . 71552920 8 ( 1) = 1 . 76719792 
A ( 2 ) = 1 . 40943332 B ( 2 ) = 1 . 50407153 
A ( 3 ) = . 85898 177 B ( 3 ) = . 497980 11 
A ( 4 ) = • 156 12855 B ( 4) = • 04632 3 99 
8 ( 5 ) = - . 00099412 
B ( 6 ) = . 00005895 
M = 5 K = 5 
A ( 0 ) = - . 00000001 B ( 0 ) = . 83 71 05 47 
A ( 1) = . 837 10 548 B ( 1 ) = 2 . 16900399 
A ( 2 ) = 1 . 7 5045125 8 ( 2 ) = 2 . 00557002 
A ( 3 ) = 1 . 2 0010 288 8 ( 3 ) = . 7 8428 130 
A ( 4) = . 29522156 B ( 4 ) = . 11 656 746 
A ( 5 ) = . 0181 2 16 9 B ( 5 ) = . 00396825 
M = 6 K = 4 
A( 0 ) = - . 0000000 2 B ( 0 ) :: . 76543 1 8 7 
A< 1) = . 76543190 B ( 1) :: 1 . 923365 7 5 
A( 2 ) = 1 . 5 4064980 B ( 2 ) = 1 . 688 0 2083 
A( 3 ) = . 98148148 B ( 3 ) = . 59603174 
182 
A ( 4) = . 20178571 8 ( 4) = . 06 785 714 
A ( 5 ) = .00476190 
A( 6) = -.00015873 
M = 7 K = 3 
A( 0) = -. 00000006 B ( 0 ) = . 28163513 
A ( 1) = .28163519 B ( 1) = . 64030761 
A ( 2 ) = .49949001 B{ 2 ) = .444563 80 
A { 3 ) = .21 828703 B( 3 ) = . 0 7534722 
A { 4) = -.00390624 
A ( 5) = -.00416666 
A { 6) = .ooo55555 
A ( 7 ) = -.00005952 
M = 8 K = 2 
A ( 0 ) = -.00000048 B ( 0 ) = -4.10837239 
A( 1) = -4.10837191 8 { 1) = - 8 .780 034 72 
A ( 2 ) = -6.725 84876 B ( 2) = -6.17199074 
A ( 3) = -3.1 5144032 
A ( 4) = -.351 85185 
A ( 5) = .00740740 
A( 6) = -.00222222 
A { 7) = .00063492 
A( 8) = -.00013227 
183 
N = 11 
M = 3 I< = 8 
A ( 0 ) = o. oooooooo B< 0 ) = - 1. 340282 1 7 
A ( l) = - 1 . 340282 17 B ( 1 ) = - 3 . 2 1 056892 
A ( 2 ) = - 2 . 5 40 4280L~ B ( 2 ) = - 2 . 68 7 3285 7 
A ( 3 ) = - 1 . 52880469 B ( 3 ) = - . 90300895 
B ( 4 ) = - . 0903 11 30 
B( 5 ) = . 002 7 5599 
B ( 6 ) = - . 0004454 7 
B ( 7) = . 000 11 15 7 
B ( 8 ) = - . 00002 1 02 
M = 4 I< = 7 
A ( 0 ) o . ooooo ooo B ( 0 ) = . 54 352996 
A ( 1 ) = . 543 5 2 996 B ( l) = 1 . 43335965 
A ( 2 ) = 1 . 16 1 59 4 63 B ( 2 ) = 1 . 3 1 9 7 2349 
A ( 3) = . 7 8 4 2203 4 B ( 3 ) = . 48045 7 22 
A ( 4) = . 16249993 B ( 4) = . 0491 7 83 7 
B ( 5 ) = -. 00 171 464 
B( 6 ) = . 000 1 630 1 
B ( 7) = - . 0000 1 435 
M = 5 K = 6 
A ( 0 ) = o. oooo oooo B ( 0 ) = . 8 13 8986 4 
A ( 1 ) = . 8 138986 4 B( l) = 2 . 2 8 72 0 9 28 
A ( 2 ) = 1 . 88 0 2 599 4 B ( 2 ) = 2 . 356710 3 5 
A ( 3 ) = 1 . 4 8 440 52 6 B ( 3 ) = 1 . 0 744555 7 
A ( 4 ) = . 4550 28 9 9 B ( 4) = . 2 02 7 6 5 88 
A ( 5 ) = . 0 42 085 41 B ( 5 ) = . 0 1 06 171 2 
B( 6 ) = - . 0000 7 899 
fvl = 6 K = 5 
A ( 0 ) = 0 . 00000000 B( 0 ) = . 82655860 
A ( 1 ) = . 82655860 B ( l) = 2 . 33569845 
A ( 2 ) = 1 . 9224 19 1 3 B ( 2 ) = 2 . 42830086 
A ( 3 ) = 1 . 5 359711 8 B ( 3 ) = 1 . 1250 4 9 1 9 
A ( 4) = . 4 828254 1 B ( 4 ) = . 2 1 989374 
A ( 5 ) = . 04 8 18968 B ( 5 ) = . 0 1 298 7 0 1 
A ( 6 ) = . 000360 7 5 
M = 7 K = 4 
A ( 0 ) = o. oooooo oo B ( 0) = . 66 0 054 86 
A ( 1 ) = . 66005486 B ( l) = 1 . 777 968 9 6 
A( 2 ) = 1 . 44794150 8 ( 2 ) = 1 . 70 4 92 4 2 4 
184 
A ( 3 ) = 1. 03595806 B ( 3 ) = . 67782369 
A ( 4 ) = . 25300447 B( 4 ) = . 09 1 59779 
A ( 5 ) = . 00851239 
A ( 6 ) = -.00050505 
A< 7 ) = . 00002886 
M = 8 K = 3 
A( 0 ) = 0 . 00000000 B ( 0 ) = -. 35978054 
A ( l) = -. 35978054 B ( l) = -. 88812413 
A( 2 ) = -.7 082339 7 B( 2 ) = -. 8 1 666666 
A ( 3 ) = -. 49253137 B ( 3 ) = -. 34325068 
A ( 4 ) = -. 14101239 
A ( 5 ) = -. 00837465 
A( 6 ) = . 0010 101 0 
A( 7 ) = -.00 0 17316 
A ( 8 ) = . 00002 164 
185 
N = 12 
M = 3 K = 9 
A ( 0 ) = . 00000001 8 ( 0) = - 2 . 80843309 
A( ll = - 2 . 80843310 8 ( 1) == -7. 06206253 
A ( 2 ) = -5.65784 598 8 ( 2 ) = - 6 . 21454526 
A ( 3) = -3.61965 806 8 ( 3 ) = - 2 . 18413248 
8 ( 4) = -. 2243 7 803 
8 ( 5) = . 00655578 
8 ( 6) = -. 00086351 
8 ( 7) = . 00018173 
8 ( 8 ) = -.00005136 
8 ( 9) == . 00001053 
M = 4 K = 8 
A ( 0 ) = 0 . 00000000 8 ( 0 ) = . 02319609 
A ( 1 ) = . 02319608 8( 1) = . 07982136 
A( 2 ) = . 06822331 8 ( 2 ) = . 05186730 
A ( 3) = . 01968869 8 ( 3 ) = -. 03640685 
A ( 4) = -. 04153245 8 ( 4) = -. 03933265 
8 ( 5) = -.00666 260 
8 ( 6 ) = • 0002 9364 
B ( 7) = -.0000413 8 
8 ( 8 ) = . 0000045 1 
M = 5 K = 7 
A< 0 ) = o . oooooooo 8 ( 0 ) = .70108335 
A( ll = .7 0108335 8 ( 1) = 2 . 11582465 
A( 2 ) = 1.7652829 7 8 ( 2) = 2 . 38386778 
A< 3 ) = 1.55964992 8 ( 3 ) = 1 . 22098902 
A ( 4) = . 55905916 8 ( 4) = . 27033784 
A ( 5 ) = . 0657263Lt 8 ( 5) = . 01782168 
8 ( 6) = -.00 024558 
8 ( 7) = . 00000987 
M = 6 K = 6 
A ( 0) = 0 . 00000000 B ( 0 ) = . 81099259 
A ( ll = . 81099259 8 ( 1) = 2 . 52000853 
A ( 2) = 2 .11 451223 B ( 2) = 2 . 9 74931 82 
A( 3 ) = 1.98525842 B ( 3) = 1 . 65230839 
A ( 4 ) = . 80209716 B ( 4) = . 43042539 
A ( 5) = . 12811147 B ( 5) = • 044642 85 
A ( 6) = . 00530303 8 ( 6) = . 00108225 
M = 7 K = 5 
l 86 
A ( 0 ) = 0 . 00000000 B ( 0 ) = • 742 7 3 99 1 
A ( 1 ) = . 742739 9 1 B ( 1) = 2 . 2 6334494 
A ( 2 ) = 1 . 89 19749 8 B ( 2 ) = 2 . 59087942 
A ( 3 ) = 1 . 7 06 7 8693 8 ( 3 ) = 1 . 365 1369 2 
A ( 4 ) = . 63846054 B ( 4) = . 32070527 
A ( 5 ) = . 08447495 B ( 5 ) = . 025 4103 5 
A ( 6 ) = . 0012626 2 
A ( 7 ) = -. 00003006 
fVI = 8 K = 4 
A ( 0 ) = o . oooooooo B ( 0 ) = . 341414 1 9 
A ( 1) = . 3414 141 8 B ( 1) = . 99416305 
A ( 2 ) = . 8234559 6 B ( 2 ) = 1 . 03265 1 32 
A ( 3 ) = . 6493 7 455 B ( 3 ) = . 4402050 8 
A ( 4 ) = . 1699135 2 B ( 4 ) = . o57369 14 
A ( 5 ) = . 00 1 22558 
A ( 6 ) = - . 00 10 1010 
A ( 7) = . 00009620 
A ( 8 ) = -. 00000 7 2 1 
M = 9 K = 3 
A ( 0 ) = o . oooooooo B ( 0 ) = - 2 . 33409066 
A ( 1) = - 2 . 33409066 8 ( 1 ) = - 6 . 2 1704953 
A ( 2 ) = - 5 . 05000419 B ( 2 ) = - 6 . 02220267 
A ( 3 ) = - 3 . 69170798 B ( 3 ) = - 2 . 5441 8904 
A ( 4 ) = -1. 02 191503 
A ( 5 ) = -. 0 73 3 4 090 
A ( 6 ) = . 0015 1 515 
A ( 7) = -. 00032467 
A ( 8 ) = . 00006493 
APPENDIX V 
This section gives the results of the approximation of 
f(x) =ex by the second algorithm of Remes for N=4,···,12 
1 8 7 
with varying m and k. After four iterations of the process 
the abscissas and extrema are given; the extrema will be equal 
in magnitude when the algorithm has converged to the minimax 
approximation. Four iterations is seldom sufficient, al-
though when k=O, the approximation converges on the first 
iteration. Also given are the coefficients of the approxi-
mation after the fourth iteration and the maximum error over 
the interval of this approximation. 
The approximations of the sequence calculated that are 
missing from this section, namely R; 7 , R3 6 • R4s• R2a• R5 7 • 
are those for which the abscissas of the extrema of TN+l(x) 
were not sufficiently close to the abscissas of the extrema 
of R~k for the algorithm to converge. For larger values of 
N, it may be noticed that more than four iterations is needed 
to obtain a close approximation. 
The approximation may be evaluated using the given coef-
ficients in the form 
m a +a x+···+a x 0 1 m k . 








A ( 0 ) = 
A ( 1) = 






. 8 7 
1.00 
A ( 0 ) = 
A ( 1) = 
A( 2 ) = 







E':, ,:, x - R::'( l, 3 ) 
.1 23 1792 7 E- 03 
-.1 2332210E - 03 
.1 23760 71 E- 03 
-.1 2~-5 1 889E - 03 
.1 2494420E- 03 
-.1 25 1 8007E-03 
.9998 7 800 
. 25360004 
B ( 0 ) = 
B ( 1) = 
B ( 2 l = 
B ( 3 ) = 
. 000 1 2378481441904038 
E':":'X- R':' ( 2 , 2 ) 
-. 86752439E - 0 4 
• 8 6 770 85 6E - 04 
-. 86825 701 E- 04 
. 86904333E- 04 
-. 8 70 45 639E - 04 
• s 7oosoz 7E-04 
1. 0000 7 24 1 
. 5086 1845 
. 085820 74 
3 ( 0 ) = 
L~ ( 1) = 
3 ( 2 ) = 
-. 00008683926 7 6 1210944 
E>:":'x - R':'( 3 , 1) 
.13456651E- 03 
-.1345681 8E - 03 
.13457310 E- 03 
-.1345 8002E- 03 
.1345 866 1 E-03 
1.00000000 
-. 7465 9525 
. 245 1 9043 
-. 03748 760 
1.0000000 0 
-.4 9 11 092B 
. 07 771 6 10 
188 
1. 00 
A( 0 ) = 
A( 1) = 
A( 2 ) = 
A( 3 ) = 
MAX I fvJUf''l ER ROR = 
X 
-1.0 0 










0 ) = 
1) = 
2 ) = 
3 ) = 
4 ) = 
MAX I fvJU /VI ERR 0 R = 








1 . 00 
-.1 345B9 ~R E - 03 
. 999926 8 5 
.7 5898822 
. 25920537 
. 0 4 355594 
B ( 0 ) = l. 000000 00 
R ( 1) = -. 24 1 5 R9 lf3 
. 0001345751473 8 528923 
E':":'X- R>:<( 4 , 0 ) 
-. 54664639E - 03 
. 54664639E - 03 
-. 54664639E - 03 
. 5466 463 9E - 03 
-. 54664639E - 03 
. 54664639E-03 
1. 0000900 1 B ( 0 ) 
. 99730931 
. 49883486 
.1 77345 23 
. 044 155 74 
-.00054664 639346022929 
E':":' x- R':'( 1, 4 ) 
. 8 1338040E-05 
-. 8 1448308E - 05 
. 8 1 8 649 26E - 05 
-. 82523073E- 05 
. 829 761 20E - 05 
- . 83509296E-05 
.83725255 E-05 
= 1. 00000000 
189 
A ( 0 ) = 
A ( 1 ) = 
f"1 A X I M U 1'•1 E R R 0 R = 
X 
-1. 00 




• 9 1 
1. 00 
A ( 0 ) = 
A ( 1) = 
A ( 2 ) = 









A ( 0 ) = 
A ( l) = 
A( 2 ) = 
A ( 3) = 
1. 00000063 B ( 0 ) 
. 2021700 7 l'l ( l) 
B ( 2 ) 
R ( 3 ) 
B ( 4 ) 
. 00000820527410 1 002 73 
E ':' ':' X - R ':' ( 2 , 3 ) 
-. 4260989 7 E- 05 
. 42623223E - 05 
-. 42664 439E - 05 
. 42 730004E - 05 
-. L~2866603E - 05 
. 4289 7 325E - 05 







. 40 44 88 7 5 
. 05 10 7 093 
B ( 0 ) = 
B ( 1) = 
B ( 2 ) = 
B ( 3 ) = 
- • 0 0 0 0 0 4 2 70 3 6 7 4-0 0 2 8 4 9 3 
E ':":' X - R >:'( 3 , 2 ) 
• 4 3 9 40 1 9 9 E- 0 5 
-. Ld943 1 42E - 05 
• 439 520 32 E- 05 
-. 43982538E - 05 
. 4398 1 235E- 05 
-. 4399440 7 E- 05 
• <d999 1 95 E- 05 
1 . 00000300 
. 60 5 64 176 
.1 533 711 9 
. o 171 89 3 3 
B ( 0 ) = 
B ( 1) = 
B ( 2 ) = 
1 . 00000000 
-.7 9787835 
.. 29792 165 
-. 065382 1 5 
. 00 7 59410 
1. 00000000 
-. 59548894 
.1 465 183 1 
-. 0 1 556035 
1 . 00000 0 00 
-. 3943 7620 
. 04 7 8066 7 
190 
f·l A X I ~It U 1' 1 E R R 0 R = 
X 












0 ) = 
ll = 
2 ) = 
3 ) = 
4 ) = 





• 0 2 
. 52 








0 ) = 
1 ) = 
2 ) = 
3 ) = 
4) = 
5 ) = 
MAX I MUt"l ERROR = 
. 0000043961 8 111 874399 
E':":'X - R':' ( 4 , 1 l 
-. 89559859E - 05 
. B95640 1 3E - 05 
-. 8956 11 79 E- 05 
. 89562669E - o5 
-. 89564346E - 05 
. 895657~0E - 05 
-. 8956622 7 E- 05 
. 99999205 B ( 0 ) 
. 80430 7 54 B ( 1) 
. 30447602 
. 06895841 
. 0086 7 0 73 
-. 00000895624204294526 
E,;,,;,x- R':' ( 5 , 0 ) 
. 45199166E - 04 
-. 45 199 1 66E - 04 
. 45199166E - 04 
-. 45 199166E - 04 
. 45199166E - 04 
-. 45 1 9916/SE - 04 
. 451991 66E - 04 
1. 0000 44 7 5 B ( 0 ) 
1. 00003833 
. 499 19695 
.1 66424 73 
. 043 7 93 7 2 
. 008 73 8 12 
. 000045 199 166334 1 0 1 9 7 
1 91 
= 1. 00000000 
= -.1 95669;::8 






• Lr 2 





0 ) = 
1) = 




- . Lr9 
- . 04 
. 39 






0 ) = 
1 ) = 
2 ) = 
MAXIMUM ERROR = 
E ':":' X - R ':'( 1 , 5 l 
. 48 1753Lr4E- 06 
- . 48320362E - 06 
. 48565770E- 06 
-. tt8 7 8 52 7 6 E- 0 6 
• 49462 7S 9E - 06 
-. 495 1968 7 E- 06 
. 498231 3 7 E- 06 
- . 49950514E - 06 
1. 0000004 8 B ( 











. 00000048 700 65 3 504 7 9 1 
E':":' X - R':' ( 2 , 4 ) 
-. 20 10 026 1 E- 06 
• 20 10 6524E- 06 
- . 20 142 30 9E - 06 
. 20 1 9 1 524E- 06 
- . 2020 11 1:)5E - 06 
• 20245L:: 5E- 06 
-. 202 7 8945E - 06 
• 2029 1 46LrE- 06 
. 99999980 B ( 
. 33606582 B ( 








- . 0000002016230685404 9 
192 
= 1. 00000000 
= -. 83 1 94 63 1 
= . 33 1 95804 
= -. 082658 7 9 
= . 0 1 362840 
= -. 00 1 2 7 845 
= 1 . 00000000 
= - . 66393470 
= .1 9 7 80669 
= - . 03250067 
= . 00260223 
X 
- l. 00 







A ( 0 ) 
A ( 1 ) 
A ( 2 ) 










A ( 0 ) 
A ( 1) 
A ( 2 ) 
A ( 3 ) 










MAX I MU f'-1 ERROR 
X 
-1.00 
- . 8 9 
-. 59 
E':":' X - R':' ( 3 , 3 ) 
. 15tr70460E - 06 
-.1 5472 700E - 06 
. 1 5lr 79397E - 06 
-.1 5501493E - 06 
. 1550~-374E-06 
-. 155li3647 l:: - 06 
.1 5529349E - 06 
-. 155336 ~~-E - 06 
1 . 00000012 
. 50359689 
. 10 1 59702 
. 00852920 
!3 ( 0 ) = 
B ( ll = 
B ( 2 l = 
B ( 3 l = 
1 . 00000000 
-. 49640245 
. 09F300235 
-. 00 7 9Lr433 
. 00000015492852679181 
E':":' x - R ':' ( 4, 2 ) 
-. 2 1030047 E- 06 
. 2 103053 7 E- 06 
-. 2 1031973 E- 06 
. 2 103424 8E - 06 
-. 2 10 4 638 1 E- 06 
. 2 1039 988E - 06 
-. 2 10 4 2 172E - 06 
. 2 104296 1 E- 06 
. 99999986 B ( 0 ) = 
. 67029626 f3 ( 1) = 
. 2026 1043 B ( 2 ) = 
. 034 11 698 
. 00286 1 37 
::: 
-. 0000002 10350287 11 702 
E':":'X - R::'( 5 , 1) 
• 53206170 E- 06 
-. 5320 62 3 7 E- 06 
. 53206430E - 06 
1. 00000000 
-. 32970490 





• 9 1 
1. 00 
A ( 0 ) 
A ( 1) 
A ( 2 ) 
A ( 3 ) 
A ( 4 ) 











-. 6 1 
-. 2 1 
. 2 4 
. 6 3 
. 90 
1. 00 
A ( O J 
A ( 1) 
A ( 2 ) 
A ( 3 ) 
A ( 4) 
A ( 5 ) 








f"i A X I!'vl U t--1 E R R 0 R = 
N = 7 
-. 53206 7 32E - 06 
• 5320 71 03 E- 06 
-. 5320 74 65E - 06 
• 5 320 77"32 E- 06 
-. 5320 7 835E - 06 
1. 0000002 1 B ( 
. 83 5 8 3507 l-3 ( 
. 33583376 
. 08 461 348 
. 0 14 3 23 7 9 
• 00 1 438 74 
0 ) 
1 ) 
. 00000053206 8663 1 2 101 
E':":'X - R>:'( 6 , O J 
-. 320855 88E - 0 5 
• 320855 88E - 05 
-. 320855 88E - 05 
• 320 855 88 E- 05 
-. 320855 88E - 05 
. 3 2 085588E - 05 
-. 320855 88 E- 05 
• 320 855 88 E- 05 
. 99999960 B ( 
1. 00002227 
. 5000099 1 
.1 6648892 
. 04 1 62550 
. 00 8 686 7 8 
. 00 1 44560 
0 ) 
-. 0000032085588595 1776 
194 
= 1 . 00000000 
= -. 1 64 16 1'+9 












1 . 00 
0 ) = 
1 ) = 
1 . 00000000 
. 1L~379102 
E':":'X - R':' ( 1 , 6 ) 
. 25747145E - 0 7 
-. 258 1 281RE - 07 
. 25875835E - 07 
-. 26 145666E - 07 
. 263853'::i9E - 07 
-. 266 1 8044E - 07 
. 2683 1 258E - 0 7 
-. 267 1 5449E - o7 
. 26768766E - 0 7 
B ( 0 ) = 
B ( 1) = 
8 ( 2 ) = 
B ( 3 ) = 
[-) ( 4 ) = 
B ( 5 ) = 
B ( 6 ) = 




. 0 1770454 
-. 00233827 
. 0001 8 414 







-. 6 1 
- . 22 
• 17 
• 5 1 
. 7 8 
• 9 L~ 
1 . 00 
0 ) = 
1) = 
2 ) = 
1 . 00000000 
. 28 751145 
. 024 11 225 
E ,:,,:,X - R o:'( 2 , 5 ) 
-. 88908 1 82E - OB 
. 88950683E- 08 
-. 890 7 5832E - 08 
. 89300603E- 08 
-. 8 9 79 6 54 6 E- 0 8 
. 8994 7 806E - 08 
-. 90295819E - 08 
. 905392 79E - 08 
-. 9063E3709E - 08 
B ( 0 ) = 1 . 00000000 
B ( 1) = -.71 24886 1 
8 ( 2 ) = . 2366009 7 
B ( 3 ) = - . 04702264 
B ( 4 ) = . 00580299 
B ( 5 ) = -. 0003 7 330 
MAX IMU fv1 ERROR = -. 00000000894588739956 















0 ) = 
1) = 
2 ) = 
3 ) = 
f"1 AX I MLJ f-i ERROR 
X 
-1. 00 




. 4 7 
. 7 6 
• 9L!-






0 ) = 
1) :: 
2 ) :: 
3 ) :: 
4 ) = 





E':":'X - R>:'( 3 , 4 ) 
• 54 770039E-0 8 
-. 54777726E - 08 
. 54800994E - 08 
-. 54839938E - 08 
. 54893686E - 08 
-. 54953555E - 08 
. 55012395E - 08 
-. 55053835E - 08 
• 55069622E - 08 
. 99999999 B ( 
. 43 100450 B ( 
. 0 7 230226 B ( 








E':":'X - R':' ( 4 , 3 l 
-. 55 70 09 13E- 08 
• 55 70 355 9E - 08 
-. 55 711 89 1E-08 
• 55 72 536 '+ E- 08 
-. 55 743552E- 08 
. 55763533E - 08 
-. 55 7 82696E - 08 
. 557962 17E- 08 
-. 55801033E- 08 
1 . 00000000 B ( 
. 574 11536 B ( 
.1 4437488 B ( 
. 01938584 B ( 





-. 0000000055738 1 680350 
E::o::x - R>:'( 5 , 2 ) 
. 93948598E-o8 
l 96 
= 1 . 00000000 
= -. 56899545 
= .1 4 1 29 762 
= -.01 86 171 8 
= . 00113479 
= 1 . 00000000 
= -. 42588466 
= . 07025967 
= -. 00l~5 9785 









. 0 8 
• 4 5 
. 74 











- . 68 









. 4 2 
. 7 3 






















-. 9394955 7 E- 0 8 
. 939522 7 7 E- 0 8 
-. 939567l3 E- 08 
. 939625 8 3 E- 08 
- . 93968928E - 0 8 
. 93974638E - 08 
-. 939 787 8 AE - 0 8 
• 9 3 9 8 0 40 3 E - 0 8 
. 99999999 B ( O ) 
. 7 1 6 71 982 f3 ( l) 
. 23999 4 28 B ( 2 ) 
. 04830 11 6 
. 006089 10 




. 0000000093 9 6 1 3330002 
E':" :'x - q_::' ( 6 , 1l 
-. 2842689 1 E- 0 7 
. 28 4 26906E - 0 7 
-. 28 4 26953E - 0 7 
. 28 4 2 7025E- 0 7 
-. 2842 711 6E - 07 
. 28 4 2 7 2 1 2E - 0 7 
-. 2842 7 302E - 0 7 
. 2842 7 364E - 0 7 
-. 28 4 2 7 38 7 E- 0 7 
1 . 00000002 B ( 0 ) 
. 858 71 669 B ( 1) 
. 358 71 5 7 6 
. 09602 4 2 1 
. 0 18 1 23 71 
. 002 4 4863 
. 00020Lr 7 6 
::: 
::: 
fvJ A X I M U fvJ E R R 0 R = -. 00000002842 71 0433962 
X 
-1. 00 
E':'::' x - R ::< ( 7 , 0 ) 
. 199641 22 E- 06 
197 
1 . 0 0 000000 
-. 2 8 32 8 012 
. 0 23 274 1 5 
1 . 0000 000 0 




• 0 1 
. 39 
• 7 1 
. 93 

























- .19964122E - 06 
. 19964 1 22E-06 
-.19964 1 22E - 06 
.1 9964 1 22E- 06 
- .19964 1 22E - 06 
.1 9964122E- 06 
-. 19964 1 22E - 06 
.1 9964 1 22E - 06 




. 04 1 63502 




MAX I /'v1Ufv1 ERROR = . 000000 199641223 1 85 08 
N = 8 
X 
-1 . 00 
-. 92 
- . 69 
















E,:,,:,x - R':'( 2 , 6 ) 
- . 3680 2 178 E- 09 
. 36819341 E- 09 
-. 36874972 E-09 
• 369 70 776 E- 09 
-. 37 106815E-09 
. 3 746850 3E- 09 
- . 3 7530119 E- 09 
. 37636514E-09 
- . 37754959E - 09 
• 3 780 3905 E-09 
1 . 00000000 8 ( 
. 25 1 25196 8 ( 











= 1. 00000000 
= 1 . 00000000 
= - . 74 8 7480 3 
= . 26678740 
= -. 05908007 
= . 00881095 
= - . 0008 7 092 
B ( 6 J = • 0000it6 85 



























- . 06 
. 28 
. 58 
• 8 1 
. 95 
1.00 
A ( 0) = 
A ( 1 J = 
A ( 2) = 





E':":'x - R':' ( 3 , 5 ) 
. 1886005 7 E- 09 
-.1 8864044E - 09 
.18876145E - 09 
-.1 8896468E - 09 
.1 8925081E - 09 
-.1 89601 77E - 09 
.1 899 7296E - 09 
-. 19030 865 E- 09 
. 19055068E - 09 
-. 190 64304E - 09 
. 99999999 B ( 0 ) 
. 376 7191 2 B ( 1) 
. 054092 44 B ( 2 ) 
. 00302032 B ( 3 ) 
B ( 4 ) 
B ( 5) 
= 1.00000000 
= -. 62328087 
= .1 7737331 
= -. 0293 7 920 
= . 00290607 
= -. 00014202 
ERROR = . 0000000001 8928801867 
1.00000000 
.50199086 
• 1080 7 749 
.01207297 
E>:<>:<X - R>:'( 4 , 4 ) 
-. 153372 86E - 09 
.15351 023E - 09 
-.1 5341539E - 09 
. 15347075E-0 9 
-.1 5363715E- 09 
.1 5363471E-09 
- • 1 53 72 8 9 6 E- 0 9 
. 15381334E - 09 
-.153 87063E - 09 
.1 5389228E - 09 
8 ( 0) = 
B ( l) = 
B ( 2 ) = 






A ( 4 ) = . 001)60658 B ( 4 l = . 000 5 73 8 7 


















0 ) = 
1) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
E':":'x - R':' ( 5 , 3 ) 
. 1942 22 1 5E - 09 
-. 19422693E - 09 
.1 9424140E - 09 
-.19426565E - 09 
. 1942 9 738E - 09 
-. 19439073E - 09 
.1 94373 88 E- 09 
-.1 9440 869E - 09 
.1 944326 1 E- 09 
-. 194440 98E - 09 
. 99999999 8 ( 0 ) 
. 62699 79 2 B ( ll 
.1 79 85 L~4 8 B ( 2 ) 
. 030 12440 B ( 3 ) 
. 003030 1 3 
. 000 1 5219 
= 1 . 00000000 
= -. 37300207 
= . 05285655 
= -. 00289 776 
~1 A X H-1 U fvJ ERROR = . 000000 0001 9 430664075 
X 
- 1 . 00 
-. 93 
- . 74 
-. 45 
-. 11 
• 2 3 
• 5'+ 
. 7 9 
. 95 
1 . 00 
A ( 0) = 
A ( 1) = 
A ( 2 ) = 




. 06006 7 0 8 
E ':":' X - R ':q 6 , 2 l 
-. 39 15 296 7 E- 09 
. 39 153175E - 09 
-. 39153763E - 09 
• 39154 7 3 7 E- 09 
-. 39156009 E- 09 
• 39157441 E- 09 
-. 3915 89 11 E- 09 
• 39 1 60227E - 09 
-. 39 1 6 11 3 7 E- 09 
. 39 1 61433E - 09 
B ( 0 ) = 
B ( ll = 
B ( 2 ) = 
1 . 00000000 
-. 24 8 30003 
. 0 1755039 
200 
P. ( 4 ) = 
A ( 5 ) = 
A ( 6 ) = 
~1 A X I fVl U 1'·1 E R R n R = 
X 
-1. 0 0 
-. 9 4 
-.7 5 
-. 4 7 
-. 14 
• 2 1 
. 53 











0 ) = 
l ) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 
7 ) = 
fVlAX I MU~'i ERFWR 
1\1 = 9 
X 
-1. 00 
- . 94 
- . 76 
- . 50 
- . 20 
. 0 8 
= 
. 0090585 7 
. 0009 1 24 1 
. 0000508 8 
-. 00000000039 1 56453 740 
E,:,,:,x - R':'( 7 , l) 
. l 3 77 3262E - OR 
-.l 3 773264E- 08 
. l 3 77 32 7 2E - 08 
-. l 3 7 73283E- 0 8 
.l 3 77 329 7 E- 08 
-.l 3 7733 13 E- 08 
.l 3 7733 30E - 08 
-.l 3 773344E- 08 
.l 3 77 3353E - 08 
-. l3 773356E - 08 
. 99999999 B ( 0 ) 
. 8 7 605003 B ( l ) 
. 3 7 60500 4 
.10 4 69 1 52 
. 02 100823 
. 0 03 1 6 9 3 1 
. 000 3 56 1 9 
. 00002551 
. 00000000 1 377330397 88 
E ':" :' X - R >:'( 2 , 7 ) 
-. 92682 11 7 E- ll 
• 9 1 4 83 6 75 E-ll 
- . 8 7 52 7 896E-ll 
. 8 173 74 3 9 E-ll 
- . 71 30 2 7 17E-ll 
. 59903238E - ll 
201 
= 1. 00000000 









0 ) = 
1 ) = 
2 ) = 
f<1 A X I M U f"'l E R R 0 R = 
X 







. 6 4 
. 8 4 
. 9 6 
1 . 00 
-. 5 777 863 1 !=: -ll 
.102 l 60 10E - l0 
-. 25623 109E - 10 
. 6 7351 86RE - l0 
-. 3l90 2205E - 09 
. 99999 999 R ( 
. 22 20 31 3 7 B ( 






0 ) = 
l) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 
7 ) = 
-. 00000000000628936 1 22 
E':"~X- R':'( 5 , 4 ) 
. 42 8 366 9 3E - l l 
-.42838665E - ll 
. 42 8442 1 7 E- ll 
-.42853 8 13 E-ll 
. 42 86702 1E-ll 
-. 42 88350 7 E- ll 
. 4290 l 645E-ll 
-. 429 190 8 0 E-ll 
• 42934 80 4E-ll 
- . 4 294506 7 E- ll 
. 42948647E-ll 
t-\ ( 0 ) = 1. 00000000 B ( 0 ) = 
A( l ) = 
A ( 2 ) = 
A ( 3 ) = 
A ( 4 ) = 
A ( 5 ) = 




. 557 1 43 83 13 ( l ) 
. 1 39 7 5922 B ( 2 ) 
. 0200456 1 B ( 3 ) 
. 00 16 779 7 f3 ( 4 ) 
. 0000673 8 
. 00000000000428 7 859 7 9 
E>:<,:<X- R':<( 6 , 3 ) 






1 . 00000000 
-. 77796862 
. 29 1 8 17 88 
- . 06950023 
. 0 11 5860 7 
-. 00 1 39023 
. 000 11 566 
-. 00000544 
1 . 00000000 
- . 442656 16 
. 0 826 1 53 8 
-. 007 80835 
. 000 32 1 33 
-. 94 
-. 7 8 
-. 54 
-. 24 
• 0 7 












0 ) = 
1 ) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 
f·l AX I t-1Ui''i ERROR 
X 
- 1 . 00 
-. 95 
-. 79 
- . 55 




• B 3 
. 96 









0 ) = 
1 ) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 
7 ) = 
MAXIMU M ERROR 
= 
= 
. 6 4 794 7 31E - l 1 
-. 64 79 6 7 8 8 E - 1 1 
. 64800 1 22E - 11 
-. 648 19 222E - 11 
• 6 4 8 102 11F: - 11 
-. 648 1 6 1 B7 E- 11 
. 64822026E -l1 
-. 6 4 826980E-ll 
. 64830 44 9E - 11 
-. 6L~ 83 1 5~ 1 f:: -ll 
. 99999999 B ( 
. 668 1 7339 B ( 
. 20938228 B ( 
. 0400 193 4 B ( 
. 005023 76 
• 000 40 39 1 





-. 0000 0000000 6 4 808920 1 
E ':" :< X - R ':q 7 , 2 ) 
• 1 5 19475 1 E- 1 0 
-. 1 5 194 777 E-1 0 
• 1 5 1 94866E - 1 0 
-. 1 5 1950U8E -1 0 
. 1 5 195 1 94E -1 0 
-.1 5 1954 1 2E - 10 
. 1 5 195645 E-1 0 
- . 1 5 1 958 7L~ E -1 0 
. 1 5 1960681-: - 1 0 
- . 1 5 196 1 '.:14E - 10 
. 1 5 196235 E- l0 
1 . 00000000 B ( 
. 77 900537 B ( 
. 292 70 650 R ( 
. 06987047 
. 01 1 68479 
. 00 140874 







= 1 . 000 00 000 
= -. 33 1 82660 
= . 04 1 20 888 
= - . 00 1 9429 1 
= 1 . 00000000 
= -. 2209946 2 




-. 8 0 
-. 57 
-. 2 8 
• ()3 
. 34 













0 ) = 
l) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 
7 ) = 
8 ) = 
f'1AX H-'lU H ERROR 





- . 65 
-. 43 
- .19 





E':" :'X - R ':'( [) , 1) 
-. 6 11 058<::6E - 1 0 
. 6 110 5832E -1 0 
-. 6 11 05849E-l 0 
. 6 1105876E - 10 
-. 6 11 05 9 1 3E -1 0 
. 6 110595 5E - 10 
-. 6 11 05 999E - 10 
. 6 11 06042 E- 10 
-. 6 11 0 60 75E-1 0 
. 6 11 06098E -1 0 
-. 6 11 06106 E-1 0 
. 999999 99 B ( 0 ) 
. 8896226 1 R ( 1) 
. 38962261 
• 111 4 7 79 7 
. 0232 7041 
. 003 7 3426 
. 000469 14 
. 000045 1 3 
. 00000282 
-. 00000000006 110595 11 9 
E,:,,:,x 
- R':' ( 3 ' 7 ) 
. 34 1 6 1 850E -1 3 
-. 346511 20E - 1 3 
. 339 1 2340 E- 1 3 
-. 3 4 2 71760E - 1 3 
. 35 1 53820E -1 3 
-. 399 77470E-13 
. 49586300E-l3 
-.70682900E-1 3 
.1 5 8 715 90E-1 2 
-. 65419800E -1 2 
204 
= 1 . 000000 00 







0 ) = 
1) = 
2 ) = 
3 ) = 
• 79200890E - 11 
-. 38629 413 E- l 0 
. 99999999 B ( 
. 29787773 B ( 
. 03279 1 55 B ( 





0 ) = 1 . 00000000 
1) = -.70212 226 
2 ) = . 2349 1 381 
3 ) = -. 0 4·9 170 17 
4 ) = . 00 7 06698 
5 ) = -. 0007 1243 
6 ) = . 00004802 
7 ) = -. 00000 174 
MAX I MUf"l ERROR = . 00000000000002255098 
A( 0 ) 
A ( 1 ) 
A ( 2 ) 
A ( 3 ) 




-. 8 1 
-. 61 
-. 36 




. 7 8 
. 93 
1 . 00 
= . 99999999 
= . 39962285 
= . 0665028'+ 
= . 005 52 791 
= . 0001965 5 
E,:, ,:,x - R>:'( 4 , 6 ) 
-. 64076090E -1 3 
• 63250590E - 1 3 
-. 6 11 2 7 650E - 13 
. 56898250E -1 3 
-. 5 1 2 7 8250E -1 3 
. 44969750E -1 3 
-. 42565300E -1 3 
. 62230800E-13 
-.11 9 70450E - 12 
. 288026 UO E- 12 
-. 763 82370E -1 2 
. 256 79495E-1 1 
R ( 0 ) = 
B ( 1 ) = 
B ( 2 ) = 
B ( 3 ) = 
B ( 4 ) = 
B ( 5 ) = 
8 ( 6 ) = 
1 . 00000000 
-. 6003 7714 
. 1 668 799 8 
-. 027 83 017 
. 00 29829 1 
- . 00019 8 7 8 
. 00000 660 
MAX If'~U f\1 ERROR = - . 00000000000004 143671 
X 
-1.00 
- . 95 
E ,:,,:,X - R >:<( 5 , 5 ) 
. 475778~0E - 13 





-. 1 3 
• 1 2 
. 36 
. 58 









0 ) = 
1 ) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 












• 9 2 








0 ) = 
1 ) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 




. 45024540E - 13 
-. 41 883330E - 13 
. 3 79 14830E - 1 3 
-. 343425 10E - l. 3 
. 38 4 64000E - 13 
-. 58902000E - 13 
. 10684650E - 1 2 
-. 2659 741 0E - 1 2 
. 50 7 21650E - 1 2 
-. 2850 7350E - 1l 
. 99999 9 99 8 ( 
. 4 99 44 623 B ( 
.1 10 809 44 B ( 
. 0 1 381719 13 { 
. 000 9830 1 B { 








E :;:o;: X - R :;q 6 , 4 ) 
-. 4 79 3 2 2 10 E - 1 3 
. 47323810E - 13 
-. 45271 6 40E-1 3 
. 42469 020E - 13 
-. 38782200E - 1 3 
. 3 7 828480E - 13 
-. tt 82 79400 E- 1 3 
• 770 99800E - 13 
-. 14 R8 1 990E - 1 2 
. 335 777 50E - 1 2 
-. 741 589 10E - 1 2 
. 3 720 904 1 E- 1l 
1 . 000000 00 13 ( 
. 5992 4 9 43 B { 
. 166 17 536 B ( 
. 02 7 6289 7 8 ( 
. 002949ld B ( 







-. 0000000 0000002889426 
206 
= 1 . 000 00000 
= -. 50055376 
= . 111 3632 1 
= -. 0 1 3935 7 9 
= . 00099 6 1 6 
= -. 000033 1 9 
= 1 . 00000000 
= -. 40 0 75056 
= . 066 92592 
= -. 00558833 
















• 0 5 





















MAX I f•1 U f'-1 ERROR 
X 






. o 3 
• 30 
. 55 
. 7 6 
. 92 
1. 00 
A ( 0 ) = 
A ( 1) = 
A ( 2 ) = 
= 
E ':":' X - R ::'( 7 , 3 ) 
. 66263330E - 1 3 
-. 65336790E - 13 
. 64206830E -1 3 
-. 6 121 28 8 0E - l 3 
. 60530530 E- 13 
-. 64 40 866 0 E- 13 
. 96R4 7000E - 1 3 
-.17266 890E - 12 
. 32673730E - l 2 
-. 6 3 52 9 3 70 E - 12 
• 1 30 79049E - l1 
-. 63548040E - 11 
. 99999999 B ( 0 ) 
. 699 1 8 1 51 B ( l) 
. 232 7 03 7 6 B ( 2 ) 




. 00000 1 59 





E ':":' X - R :;q 8 , 2 ) 
-.1 237591 8 E- l 2 
. 1 2 l 859 11 E- l 2 
-. 123 8 2252E - 12 
. 12 549940E - 12 
-.1 55l 8643E - l2 
• 22041 393E-l 2 
-. 36849190E - 12 
. 57255380E -1 2 
-. 96697960E - 12 
.1 7220733E-11 
-. 33597054E - l1 
. 15901364 E- 10 
1.00000000 
.7 99272 7 9 
.31 046 765 
B ( 0 ) = 
B ( 1) = 
B ( 2 ) = 
1 . 00000000 
-. 3008184 8 
. 03352224 
-. 001400 8 7 
1. 00000000 
-. 200 7 2 720 
• 0 111 94 8 6 
20 7 
A ( 3 ) = 
A ( Lf ) = 
A ( 5 ) = 
A ( 6 ) = 
A ( 7 ) = 
A ( 8 ) = 






MAX I M U 1•1 E R R 0 R = -. 0000000000000693 7475 




























. 27 11 0084 
. 02690404 
. 00098649 
MAX H'lU M ERROR = 
E>:<>:<x - R>:< ( 3 , 8 ) 
.1 0968400E -1 4 
-.1 0R68600E -l 4 
. 10760900E -1 4 
-.1 05 79400E - 14 
• 11 098000 E-1 Lf 
-.11 328300E -14 
.1 4646800E -1 4 
-.17340000E - 14 
. 24726000E -1 4 
-. 62 1 68000E -1 4 
. 2620 7200E -1 3 
-. 24696020E -1 2 
.1 6398 71 4E -11 
B ( 0 ) = 
B ( 1) = 
B ( 2 ) = 
B ( 3 ) = 
B ( 4 ) = 
B ( 5 ) = 
B ( 6 ) = 
B ( 7) = 
B ( 8 ) = 
1. 00000000 
-. 72 8899 1 5 
. 255803 1 9 
-. 05703379 
. 008948 7 2 
-. 00 1 02822 
. 00008630 















• 8 1 
. 94 
l. 00 
A { 0 ) 
i\ { l) 
A ( 2 ) 
/.1( 3 ) 











- . 68 
-. 46 
-. 23 
• 0 1 
. 23 
• ~- 4 
. 64 







0 ) = 
l) = 




E '~':'x - R':'{ 4 , 7 ) 
-.173 1 65UOE - 14 
.17l 473 00E - 14 
-.1 6822200E -1 4 
.1 581 7 900E - 14 
-.1 4585700 E- 14 
.1 2848300E -1 4 
-.ll4480UOE - l4 
.1l 6 79000E - lt+ 
-.193 74000 E-1 4 
. 36500000E - l4 
-. 79 19 00UOE - l4 
. 20 1 8 1400E - 13 
-. 90077200E -1 3 
1. 00000000 B { 
. 36335093 B { 
. 05443572 B ( 
. 00402435 B ( 












-. 00000 000 000000 113 0 7 5 
E ':" :' X - R >:'( 5 , 6 ) 
. ll 3 11 600E-1 4 
-.lll 87200E-1 4 
. 10 832500E -1 4 
- . 10 239200E-1 4 
. 93 763000E -1 5 
-. 8 4 10 1000E - 15 
. 77610000 E- 1 5 
-. 943 10000E-1 5 
.16078000E - 14 
-. 32 102000E - 14 
. 6 1 343000E - 14 
-.1 46 4 2200E - 13 
. 637 7 9500E - 1 3 
= 1 . 00000000 
= -. 63664906 
= . 1 9 1 084 7 9 
= -. 03540256 
= . 00442703 
= -. 0003 7 950 
= . 00002 106 
= -. 00000060 
. 99999999 
. 4541 3825 
• 0907 10 74 
. 010059 6 4 
B{ 0 ) = 1 . 00000000 
B ( l) = - . 54586 174 
B( 2 ) = .1 3657249 
B < 3 ) = -. 02024863 
209 
A ( Lt- ) = 
1'4 ( 5 ) = 






-. 4 8 
-. 25 
- . o 2 
. 2 1 
. 43 
. 63 










0 ) = 
1) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 















e 0 000 1782 
B ( 4 ) = . 001 89952 
8 ( 5 ) = -. 00010 856 
R ( 6 ) = . 00 000301 
. 000000000000000 717 8 0 
E>:<>:< X - R':q 6 , 5 ) 
-.1 0092 1 00E - 14 
. 99 71 4000E -1 5 
-. 9626 1 000E-l 5 
. 909 76000E -1 5 
-. 8 3336000E-l 5 
.75828000E-l 5 
-. 7971 9000E -1 5 
.10556000E -1 4 
-.1765 1 000E -1 4 
.34019000E - 14 
-. 7 2 1 75000E - 14 
.1 5284 700E -1 3 
-. 64465900E-1 3 
1. 00000000 8 ( 
. 54493220 B ( 
.1 3605608 B ( 
. 020 11 9 5 6 B ( 
. 00 188 11 0 B ( 








-. 00000000000000062 140 
E':<>:<X - R>:<( 7, 4 ) 
.1 2 103200E -14 
-.11 945 1 00E -1 4 
.11 534 7 00E -1 4 
-.1 09 75300E-l 4 
.1026170 0E -1 4 
-.10014100 E-1 4 
.11294300E -1 4 
-.1 83 75000E -1 4 
. 31957000E-14 
-. 535 750 00E -14 
.10453100E -13 
= 1.00 0 00 000 
= -. 45506779 
= . 09 112 38 7 
= -. 0 1 0 1370 7 
= . 00063 421 





J-\ ( 1) 
A ( 2 ) 
A( 3 ) 
A( 4 ) 
A( 5 ) 


































0 ) = 
1) = 
2 ) = 
3 ) = 
4 ) = 
5 ) = 
6 ) = 
7) = 
8 ) = 
MAXIMU M ERROR 
= 
= 
-. 2 10 73 800E -1 3 
. 8 7113 200E -1 3 
. 99999999 B ( 
. 635 77 343 B ( 
.19050092 B ( 
. 03 5 22009 B ( 
. 00439228 B ( 








. 0000000000000007220 8 
E ':":' X - R ':q 8 , 3 ) 
-.1 8 654 70 0E - 1L~ 
.1 88 50500E -1 4 
-.1 8 092300E-1 4 
• 1 7444400 E- 14 
-.177 8 2300E-14 
.1 99 1 2200E -1 4 
-. 25194300E -1 4 
. 389 70000E - 14 
-. 754 1 2000E -1 4 
. 1 1 688400E -1 3 
-. 24 765800E -1 3 
. 44456900 E- 13 
-.1 7795730 E-1 2 
1. 00000000 B ( 
.7 2662232 B ( 
. 25402973 B ( 
. 05636752 B ( 
. 0087 89 70 
. 00100163 
. 0000 83 09 








= 1. 00000000 
= -. 36422656 
= . 0547274 9 
= -. 0040 60 7 8 
= . 000127 08 
= 1. 00000000 
= - . 2 7 33 77 6 7 
= . 02740741 
= -. 00101772 




















0 ) = 
1 ) = 
2 ) = 
3) = 
MAX I MU ~1 ERRO R 
X 
-1. 00 
-. 9 7 
-. 86 
-.71 







E':" :'x - R>:q 3 , 9 ) 
. 10 73 50UOE - 15 
-.108 7 8000E -1 5 
.10396000E -1 5 
-.1 0 114000E -1 5 
. 94430000E -1 6 
-. 8 55400 00E - 16 
.74 8 30000E -1 6 
-. 6 7300000E -1 6 
. 69400000E -1 6 
-.11700000E -1 5 
. 2 1 620000E - 15 
-. 5 1 550000E - 15 
.1 5045000E -1 4 
-. 4365 1 000E -1 4 
. 99999999 B ( 0 ) 
.2498 756 8 B ( 1) 
. 02269608 B ( 2 ) 
. 000 7554 0 6 ( 3 ) 
B ( 4) 
B ( 5 ) 
B ( 6 ) 
'3 ( 7) 
B ( 8 ) 
B ( 9 ) 
. 000000000000000072 8 2 
E>:, ,:,x - R':' ( 4 , 8 ) 
-. 451 50000 E-16 
. 449 20000E - 16 
-. 43830000E -1 6 
. 41 8 600 00E -1 6 
-. 39340000E - 16 
. 3 53000 00E -1 6 
-. 31630000E-1 6 
. 28800000E -1 6 
-.32900000E-1 6 
• 58200 000 E-1 6 
212 
= 1 . 00000000 
= -. 75 0 1 2431 
= . 2 7282040 
= -. 06366950 
= . 0 106 1 335 
= -. 00 1 32682 
= . 000 12636 
= -. 00000902 
= . 00000 0 45 










0 ) = 
1 ) = 
2 ) = 
3 ) = 
4) = 
MAX I MUf·1 ERRO R 
X 
-1 . 00 
- . 97 
-. 87 
- . 7 3 
- . 54 
-. 33 





. 8 4 
. 9 4 
1 . 00 
A ( 0 ) 
A ( 1 ) 
A ( 2 ) 
i\ ( 3 ) 
A ( 4 ) 
A( 5 ) 








MAX I MUM ERRO R 
= 
-. 11 770 0 00E-1 5 
. 24850000E - 1 5 
- . 68380000E - 1 5 
. 19 4 26000E - 14 
1 . 00000000 B ( 
. 333 1 2 71 5 6 ( 
. 04538287 B ( 
. 00302098 B ( 















E ':":' X - R ':<! 6 , 6 ) 
-. 20530000E-l 6 
. ZOZOOOOO E-1 6 
- . 19830000E-1 6 
. 186 70000 E-1 6 
- . 17590000 E-1 6 
. 15 6 5 0000E - 1 6 
-. 14780000E- 1 6 
. 16600000E-1 6 
- . 22000000E- 16 
. 43200000 E-1 6 
- . 82 000000 E-1 6 
.1 3790000 E- 15 
-. 2 5 880000E- 1 5 
. 1 5232000 E-1 4 
. 99999 999 B ( O ) = 
. 49959980 B ( 1 ) = 
. 1 1 3 4 2 3 1 5 B ( 2 ) = 
. 015 10050 B ( 3 ) = 
. 00 1 25566 B ( Lt} = 
. 0000625 7 8 ( 5 ) = 
. 00000148 B ( 6 ) = 
= - . o o o oo ooooooooooo 1 2s 1 
213 
= 1 . 00000000 
= -. 6668 72 8 4 
= . 2 1 2255 72 
= -. 0 4 246498 
= . 0 0589964 
= - . 00059007 
= . 00004214 
= -. 00000200 
= . 00000004 
1 . 00000000 
- . 5 004001 9 
. 11 3823 35 
- . 0 1 5 1894 1 
. 0 0 1 2 6677 
- . 00 00 633 7 












-. 7 8 
-. 60 
-. 3 8 
-. 10 
• 2 1 
. 4 8 
. 70 





















E':" :'X - R ':' ( 7 , 5 ) 
. 1 56 77400E - 14 
-. 34 8 99 800E -1 4 
. 670 1 8 900 E- 14 
-. 10859660E - 1 3 
. 2 4 8 75U70E - 13 
-. 8 7 2270::\0E - 1 3 
• 2 40 2R 4 60E - 1 2 
-. 3723 7 8 70 E- 1 2 
• 55 76 3 8 60E - 1 2 
-.1 2092937E - 1 1 
• 709 2606 7 E- 10 
. OOOOOOO OE - 99 
. ooooooooE - 99 
. ooooooooE - 99 
1. 00000000 B ( 0 ) = 
-. Lt 431 89 7() B ( l) = 
-. 45533399 B ( 2 ) = 
-.1 436 1 366 B ( 3 ) = 
-. 02528 40 8 B ( 4 ) = 
-. 002 7 8 43 6 B ( 5 ) = 
-. 000 18 7 8 1 
-. 00000624 











. 4 8 
. 6 7 
• 8 3 
. 94 
1. 00 
E,:, ,:, x - R':'( 8 , 4 ) 
-. 28580000E - 16 
. 28320000E - 16 
-. 274000 00E - l6 
. 26 11 0000E -1 6 
-. 25640000E -1 6 
. 2 44 90000E - 16 
-. 26930000E -1 6 
• 37500000E - 16 
-. 56500000E - 16 
. 92500000E - 16 
-. 1410 0000E - 1 5 
. 288 10000E-l 5 
-. 63360000E - 15 
. 3 l6 8400 0E -1 4 
214 
1 . 000000 00 
- 1 . 44 3 189 7 0 
. 4 8 7 855 7 0 
-. 0 7 65 411 8 
. 006 1 94 1 9 
-. 00 02 1768 
A( 0 ) = 
/-\ ( 1) = 
A( 2 ) = 
A( 3 ) = 
A( Lt- ) = 
A( 5 ) = 
A( 6 ) = 
A ( 7 ) = 
A( 8 ) = 









. o 3 
. 25 
.47 
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